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ABSTRACT
\~

Despite the fact that com puter scientis ts have developed a variety of formal methods for prov ing
com puter programs correct , the formal verification of a non-trivial program Is still a formidable
task. Moreover, die not ion of proof is so imprecise in most existing verification systems , that the
val idity of the proofs generated is open to question. With an aim toward rectif ying these
problems , the research discussed in this dissertation attempts to accomplish the foflowin g
objectives

1. To develo p a programming language which is suffic iently powerful to express many
interesting algorithms clearly and succ int ly, yet simp le enough to have a tractable formal
semantic definition.

2. To completely specify both proof theoretic and model theoretic formal semantics for th is
language using the simplest possible abstract ions.

3. To develop an interactive program verification system for the language wh ich automaticall y
performs as many of the straightforward steps in a ver ification as possible. (continued next page]

This researc h was supported by the National Science Foundat ion under Con~ract NSF MCS76-
00327 and Advanced Research Projects Ageyj of the Department of Defense under ARPA Order
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The first part of the dissertation decribes the motivation for creating TYPED LISP, a variant of
PURE LISP including a flexible data type definition facility allowing the programmer to create
arbitrary recursive types. It is argued that a powerful data type definition facility not only
simplifies the task of writing programs, but reduces the complexity of the complementary task of
verifying those programs.

The second part of the thesis formally defines the semantics of TYPED LISP. Every function
symbol defined in a program P is identified with a function symbol in a first order predicate
calculus language Lp. Both a standard model Mp and a natural deduction system Np are defined
for the language Lp. In the standard model, each function symbol is interpreted by the least call.
by-value fixed -point of its defining equation. An informal meta-mathematical proof of the
consistency of the model Mp and the deductive system Np is given.

The final part of the dissertation describes an interactive verification system implementing
the natural deduction system Np.

The verification system includes:

I. A subgoaler which applies rules specified by the user to reduce the proof of the current goal
(or theorem) to the proof of one or more subgoals.

2. A powerful simplifier which automatically proves many non-trivial goals by utilizing user-
supplied lemmas as well as the rules of Np.

With a modest amount of user guidance, the verification system has proved a number of
Interesting, non-trivial theorems including the total correctness of an algorithm which sorts by
successive merging, the total correctness of the McCarthy-Painter compiler for expressions, the
termination of a unification algorithm and the equivalence of an iterative algorithm and a
recursive algorithm for counting the leafs of a tree. Several of these proofs are included in an
appendix.

This thesis was submitted to the Department of Computer S~. — i the Committee on
Graduate Studies of Stanford University in partial fulfillment of the i ~rements for the degree
of Doctor of Philosophy.
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PREFACE

This dissertation is not aimed at the casual reader. A shorter, less rigorous, and much more
readable account of the same research appears in the Proceedings of the Third International
Colloquium on Automata, Languages, and Programming, (1976) Edinbur gh Press, Edinbur gh,
under the title “User-Defined Data Types as an Aid to Verifyin g LISP Programs.”

I would like to thank my advisor David Luckham for his patient guidance and
encouragement, and my colleagues Derek Oppen, Nicholas Littlestone, and Richard
Weyh rauch los their helpful advice and criticism. All the mistakes are mine.
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Page I

CHAPTER 1

INTRODUCT ION

1.1 Research Objective

During the past fifteen years, computer scientists have developed a variety of techniques for
proving prog rams correct. Unfortunately, none of these methods have reached the stage where
they are pract ical programming tools. The verification of typical production programs is still
far beyond the capability of existing verification systems.

Progr am verification researchers have frequently ignor ed practical considerations.
Many verification methods emp loy complex , counter-intuitive formalisms which confuse most
computer scientists and tota lly mystify ord inary prog rammers. Proofs in these systems tend to
be unnatural and very diffi cult to understand. There is little prospect that they will ever be
widely used in practical verification system s . Still other approaches to verification try to
reduce the correctness of a program to some other logical problem better suited to
mechanization (such as the validity of a single predicate calcu lus formu la). Unfo rtunately,
mechanically “solving ” the transformed problem for a non-trivial program is an unfeas ibly
huge computation (infinite if the prog ram is incorrect ). Moreover , the transformed problem
often is so unintelligible to the programmer that it is virtually impossible for him to
solve——even with the aid of an Interactive theorem prover.

Another distressing trend in program verification research has been a careless disregard
for firm logical foundations. The notion of proof Is so vaguely treated in many verification
systems that the “correctness proofs ” generated by the systems are of dubious value. Proving
a statement using such a system provides little assurance that the statement is true.
“ Verif ying ” a program only reduces the correctness of the program to the correctness of the
verification system involved (including both the methodology and the proof-checking
programs). Computer scientists have been very lax in scrutinizing proposed verification
methods for logical flaws.

In the machine implementation of verification systems , there has been far too much
emphasis placed on total automation. Most implemented verification systems are almost
completely automatic, but none of these automatic systems can verify more that a ver y limited
set of simple programs. Despite intense research efforts, the performance of theorem proving
programs still does not approach the level required for automat ic verification of non—trivial
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programs. Furthermore, there is no existing methodology which suggests that sufficiently
powerful theorem provers are on the horizon. Completely automatic verification fails to
exploit the programmer’s intuitive understanding of the programs he creates. Interactive
verification controlled by the programmer is a much more promising approach which has not
received sufficient attention from research’ in the field.

With these criticisms in mind, my goal has been to develop logically sound, interactive
verification methods which show promise of having practical applications. In order for a
programmer to guide a verifier through a proof of program correctness, he must understand
the proof steps generated by the verifier. Consequently, the formal system used by an
interactive verifier should be as intuitively transparent and natural as possible. For this
reason, I selected first order predicate calculus with equality as the basis for my formal system.
Proofs in well-desig ned predicate calculus natural deduction systems (originally developed by
Gentzen) closely correspond to their informal counterparts. Furthermore, first order predicate
calculus is a very well understood formal system which has received near universal acceptance
among mathematicians as the appropriate system for formalizing mathematical theories.

Programming languages vary widely in their suitability for verification. Ideally a
programming language should permit the programmer to directly formalize the simplest, most
abstract description of the algorithm he wishes to implement. On the other hand the language
should have a brief , tractable formal definition so that we can be confident we have correctly
defined its semantics. Consequently, I chose PURE LISP as the basis for my verification
system’s programming language. PURE LISP is sufficiently powerful to concisely express
many complex algorithms, yet it has a simple formal definition. My Initial idea was to
develop a first-order theory of LISP S-expression s analogous to Peano’s axioms for the
natu ral numbers , and then to define the semantics of LISP programs by treat ing.each LISP
function as a new primitive function satisfying its defining equation. In other word s, for :each
function definition fix lr.~’~n

) • v(x Ir..,xn) in a LISP program , where T(x lr..,Xn) is a LISP
ex pression, the axiom fix lr..,X n) ,(,t I,_.,X n) is appended to the theory. Finally , I planned to
develop a natural deduction system for proving theorems in the theory and Implement that
system in an interactive verifier.

1.2 Previous Work

To my knowled ge, R. Boyer and J Moore (Boyer and Moore 1975; Moore 1975] are the only
other computer scientists who have pursued a similar line of research. Their objectives,
however , were quite differen t from mine. Their primary goal was to build a com pletely
automatic verif ier which could prove as many sim ple theorems abou t LISP fun ctions as
possible. To accom plish this ob ject ive, they defined the semantics of LISP using an approach
very similar to my own. First , they created a first-order theory of S—express ions built from
the single atom NIL. Then they defined the semantics of a LISP program P contaIning only
total functions by adding the axiom f(x 1, ..~~ x ,~) - s(x i, ...~ x~) for each function definition

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f~x kn) u i(x 1, ..., xn) in P. Their verifier implements a simple set of proof rules derived
from these axioms, including rules which perform symbolic evaluation and Induction on the
structure of the data. A set of heuristics determines which rule is applied at any given point
in an attempted proof.

The Boyer—Moore verifier can automatically prove a surprisingly large number of
simple theorems, clearly demonstrating the effectiveness of structural induction and symbolic
evaluation in program verification. As a special-purpose automatic theorem prover. Boyer
and Moore’s verifier is an impressive achievement. However, when Judged as a PURE LISP
verification system, their work suffers from a number of shortcomings, including the
following:

I. Their verifier either proves a theorem totally mechanically or fails completely——there Is no
provision for user guidance. Some very simple LISP theorems cannot be proved using
the Boyer—Moore verifier. A typical example of a trivial theorem the Boyer—Moore
verifier cannot prove is the following theorem about the standard LISP functfrwt
APPEND (Boyer l975}

Yx (APPEND(x ,APPEND(x,x)).APPEND(APPEND(x,x),x)]
where

APPEND(x,y) • IF NULL x THEN y ELSE CONS(CAR(x),APPEND(CDR(x),y)).

2. Their deductive system is not designed to prove arbitrary theorems about arbitrary
PURE LISP programs. Their induction rule, for example, is quite weak, being limited to
several restricted forms of step-wise induction on S—expressions (binary—trees).
Consequently, proofs requiring more general forms of induction (such as the correctness of
a merge sorting algorithm presented later in this paper) are beyond the capabilities of
their deductive system.

S. To simplify the process of generating proofs, Boyer and Moore limit the data domain of’
their LISP subset to S-expressions constructed from the single atom NIL. Unfortunately,
theorems about LISP functions in this restricted domain are not necessarily true In the
more general domain of standard LISP S-expressions. For example, the statement

Yx[NILTREE(x).T]
where

NILTREE(x) • NULL(x) OR
(NILTREE(CAR(x)) AND NILTREE(CDR(x))J

is a theorem in Boyer and Moore’s restricted data domain but obviously is not a theorem
in the domain of standard LISP S-expressions (any S-expression containing an atom
other than NIL is a counterexample).
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4. Since Boyer and Moor&s formal system assumes all user—defined functions are total, their
verification system only proves partial correctness (i.e. if any function in the program P is
not total, any theorem proved about P may not hold). They never defined the semantics
of partial functions or developed a method for proving that a particular function is total.

In contrast to Boyer and Moore, my objectives have been to create a consistent formal
deductive system capable of proving all theorems of practical interest about PURE LISP —

programs, and to develop an interactive verifier to help the programmer construct arbitrary
proofs within this system. I have not been interested in building any heuristics into the
verifier which improve the automatic capabilites of the verifier, but occasionally prevent the
programmer from constructing the sequence of proof steps he wants.

IJ Motivation for Creating TYPED LISP

Early in my research , discovered that informal, straightforward proofs of simple theorems
about LISP functions did not translate directly into formal proofs in my envisioned
verification system. In fact , the seemingly trivial task of formally stating many simple
theorems turned out t3 be far more complicated than I anticipated. Consider the ubiquitous
sample theorem which asserts that the standard LISP function REVERSE has the property
that REVERSE.REVERSE is the identity function. The obvious formal statement of this
theorem Is:

Vx[REVERSE(REV ERSE(x))’xJ

Unfortunately, this formulation of the theorem is unsatisfactory, because it is false (any atom
other that NIL is a counterexample). REVERSE is well-defined only for S—expressions
which represent linear lists using the standard encoding. In order to correctly state the
theorem, we must define an auxiliary boolean LISP function LUST which is a characteristic
function for the subset of S-expressions which represent linear lists. Using LLIST, the
correct statement of the theorem is:

Yx(LLIST(x) D REVERSE (REVERSE(x))” x J.

The proof s of simple theorems about LISP functions within a first order theory of
S—ex pressions are even more cumbersome. The most concise, natural description of a typical
LISP function is not expressed in terms of how it manipulates S—expressions, but in terms of
how it operates on some abstract data types which are represented as S—expressions.
Unfortunately, the only way to describe LISP functions in a first order theory of
S-expressions is in terms of how they affect S-expressions. Proofs which deal with abstract
type representations rather than the abstract types themselves have two very serious
drawback s:

L -
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I. Many proof steps must be devoted to checking the correctness of code which encodes or
decodes the abstract types as concrete representations.

2. Inductive proofs must us~ induction on the structure of the representations rather than
the structure of the abstract types.

As an illustration, consider the following trivial theorem expressing a simple property of the
LISP function APPEND when applied to linear-lists of atoms (henceforth called atom-lists):

Vx c atom-lists (APPEND(x,NIL) • x]
where:

APPEND(x ,y) .
IF NULL(x) THEN y ELSE CONS(CAR(x),APPEND(CDR(x),y)) .

The proof of this theorem is extremely easy in the theory of atom—lists. We merely ~ç-p~induction on the structure of x. The base step, x—NIL, is trivial:

APPEND(x ,NIL) • APPEND(NIL,NIL) - NIL

by symbolic evaluation. For the induction step, we must show that for any atom—list v~ the
statement:

Vu ~ atoms [APPEND(CONS(u,v),NIL) s CONS(u,v)J

follows from the induction hypothesis:

APPEND(v,NIL) - v .

Rut, symbolic evaluation reduces:

Vu c atoms (APPEND(CONS(u,v),NJL) s CONS(u,v)J
to:

Vu . atoms (CONS(u,APPEND(v,NIL)) • CONS(u,v)J

which is an immediate consequence of the induction hypothesis and the substitution of equals
for equals. O~.E.D.

The proof of the same theorem in the theory of S-expressions is less straightforward.
First, in order to correctly state the theorem in terms of S—expressions, we must define a
boolean-valued function ATOMLIST which is a characteristic function for the set of
S-expressions which represent linear-lists of atoms:

______ _________ ________ 

______I

—.- - -.-.---. -

~
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ATOMLIST (x) • IF NULL(x) THEN T
ELSE IF ATOM(x ) THEN NIL
ELSE ATOM(CAR(x~ ~ND ATOML IST(CDR(x))

Using this definition , t he theorem can be w :itten:

Vx ( S-ex pressions IATOML IST(x ) APPEND(x ,NIL) • x].

As before , the proof of the theorem proceed s by Induction on the structure of x. The base
step, x ( atoms, splits into two cases: x - NIL and x.NIL. The first case is identical to the base
step of the atom—list proof. In the second case, x NIL, synibohc evaluatio r ‘educes:

A TOM LIST(x) • T ~ APPEND(x ,NIL) • x
to-.

NIL .T  APPEND(x ,NIL)-x

which Is an immediate consequence of the axiom NILp’T. For the induction step we must
prove that for any S-expressions u and v:

ATOML IST(CONS(u,v)) T APPEND(CONS(u,v)NIL) • CONS(u,v)

is a con sequence of the induction hypotheses:

ATOMLIST (u) • T ~ APPEND(u,NIL) a u
and

ATOMLIST (v) • T ~ AP PEND(v ,NIL) a v.

Like the base step, the induction step has two cases: u s atoms and u — atoms. In the first
case, symbolic evaluation reduces: -

ATOMLIST (CONS(u,v)) • T ~ APPEND(COUS(u,v),NIL) • CONS(u,v)
t0

ATOML IST(v) • T ~ CONS(u,APPEND(v ,NIL)) • cONS(u,v)

w hich an Immediate consequence of the first induction hypothesis and the wbstltution of
equals for equals. In the remaining case, a — atoms , symbolic evaluation reduces:

ATOMLIST(CONS (u,v)) • T ~ APPEND(CONS(u,v),NIL) • CONS(u,v)

to:

NIL • T ~ CONS(u,APPEND(v,NIL)) • ~ONS(u,v)

.- -..~~~~ - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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which is an immediate consequence of the axiom NILaT. Q,~E.D.
It is clear that the proof using induction on S—expressions is longer and less trans parent

than the proof using induction on atom-lists. Since the inductive structure of S-expressions
is different from that of atom—lists, the S—expression proof is forced to examine all cases of
S-expressions which do not represent atom-lists and prove that they are not atom-list
representations.

The auxiliary function ATOMLIST serves as a clumsy mechanism for specifying the
implicit data type atom—list. If we included atom—list as a distinct, explicit data type in our
programming language and expanded our first-order theory to include atom-lists as well as
S—expressions , the informal proof using induction on atom—lists could be formalized directly
in our first order system. However, since LISP programs typically involve a wide variety of
abstract data types, simply adding a few extra data types such as atom—list to LISP will not
eliminate the confusion caused by dealing with abstract data type representations rather than
the abstract types themselves. in fact, the more complex that an abstract type is, the more
confusing that proofs involving its representations are likely to be. Consequently, I decided
that the best solution to this problem is to include a comprehensive data type definition
facility in LISP and to formally define the semantics of a program P by creating a first—order
theory for the particular data types defined in P. The resultin g langu age TYPED LISP is
described in the next chapter.

L
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CHAPTER 2

TYPED LISP

2.1 Informal Description of TYPED LISP

TYPED LISP combines a recursive data type definition facility (similar to those proposed by
McCarthy (1963] and Hoare (1973]) with a modified subset of PURE LISP. For the sake of
semantic simplicity, TYPED LISP does not permit passing functions as parameters or
referencing non-local variables (i.e. dynamic scoping). Furthermore, there is no distinction
between equivalent and identical data values; there is only one copy of any data value. A
TYPED LISP program consists of a set of data type and function definitions. As in PURE
LISP, the program is executed by evaluating some expression containing no variables or
undefined function identifiers.

2.1.1. Data Type Definitions

The set of primitive data objects in TYPED LISP is the set of all capital identifiers: (A, B,
Z, AA , AB, ... , AZ, BA, ... , AAA , ...J . Data types are simply sets constructed from this set of

primitive objects using the rules described below. The primitive type atom consists of all
primitive data objects except for NIL, ZERO, TRUE, and FALSE. For notational
convenience, we let every capital identifier denote the primitive data type consisting of that
identifier, e.g. NIL denotes both the data object NIL and the data type (NIL). The intended
meaning of a capital identifier Is always clear from its context.

A data type definition in TYPED LISP has the syntax:

type type-identifier • data-type-express ion

where type—Identif ier is a (lower—case) identifier and a data—type—expression is either:.

I. An enumeration listing a finite set of primitive data objects:

(C11. ..,C0),

-

.
- -
.

~

,.
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e.g.

type boolean • (TRUE, FALSE).

2. A construction defining a set of data objects which are constructed from simpler objects.
A construction has the syntax

c(s 1:T 1, . .  ., s :T )n f l

where the constructor c is the type—identifier being defined; s
~

, . . . , ~ are (lower—case)
identifiers naming the component selector functions and T 1,. . . , ~~~~~ are the types of the
components, e.g.

type pair • palr(atoml: atom, atom2: atom)

which defines the data type pair consisting of ordered pairs of atoms, and creates the
constructor function pair: atom x atom -, pair for constructing pairs from atom s, and
the selector functions atoml, atom2 : pair -. atom for selecting components of a pair.

3. A disjoint-union

T1U . . . U T 0

defining the data type formed by the union of the disjoint data types T1, . . . , T
,

~~, e.g.

type ext _pair • NIL U pair .

The disjointness of the subtypes T 11. . .  , T~1 can easily be checked at parse—time.

4. A recursive-union

B1 U . . . U B UC 1 U . . . U C

of the disjoint data types B1,.. B~ (called the base types), and the construction types
defined by the recursive constructions c 1,.. C,~. Each recursive construction must have
at least one component type which contains the type defined by the recursive-union.
Some sample recursive-union data type definitions are

type natnum . ZERO U suc(pred: natn um)
type tree . atom U cons(cart tree, cdn tree)



~ -~ --~ 
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The members of the type natnum defined above are precisely ZERO, suc(ZERO).
suc(suc((ZERO)), suc(suc(suc(ZERO))), ...; and the members of type tree are the
S-expressions constructed from the base set of objects atom.

Besides all primitive data objects and the primitive data type atom , there are several other
pre-defined data types in every TYPED LISP program. The universal type any consists of ‘1all data objects defined in the program. All the other pre-defined types can be described in
terms of standard TYPED LISP data type definitions as shown below:

type boolean • (TRUE, FALSE)
type natnum • ZERO U suc(pred: natnum)
type minus • minus (abs: suc)
type integer • minus U natnum

In contrast to PURE LISP, the false boolean value is denoted by the data object FALSE
rather than NIL. Furthermore, boolean functions must return either TRUE or FALSE.

2.1.2. Function Definitions

TYPED LISP function definitions have the straightforward syntax

f unction function-name (p 1 :T , p,~:T,~):T .

where function—name is a (lower-case) identifier naming the function being defined; p11..
are (lower—case) identifiers serving as parameters; T 1, . . . , ~~ are the types of the

corresponding parameters; T is the type of the range of the function; and E is a TYPED LISP
expression containing no variables other than the parameters.

Every TYPED LISP function is strict, i.e. it is undefined if any of its arguments is
undefined or belongs to the wrong type. The only primitive or implicitly defined functions in . -

TYPED LISP, other than the constructor and selector functions corresponding to every
construction type, appear below, along with their domain and range specifications: -

function domain range

equals any x any boolean
any x any boolean

and boolean x boolea n boo lean
or boolean ~ boo)ean boolean
not boolean boo lean

any boolean (for ever y ty pe T)

-__ I 

-.- - --~~~~~~~~~~~~~~~~~~~~~- . , --—~~~~~—~~~~ 
_ _ _
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The functions equals and, or, and not all have the obvious interpretations. Note that, unlike
their PURE LISP counterparts, and and or are call-by-value functions (i.e. they always
evaluate both of their arguments). The function c (written as an infix operator) tests whether
or not its first argument is a proper substructure of its second argument. Hence, for any data
value t, t c t returns FALSE, while ZER(~ c suc(ZERO) returns TRUE. For every type T.
the function :T (written as a postfix operator) is simply the characteristic function for type T.
Given any data object x, x:T returns TRUE if x is a member of type T and FALSE
otherwise.

Every construction type definition c(s 1:T1,. . ., ~~~~ implicitly defines the constructor
function c mapping T 1 x . . . x T~ into type c and the selector functions s

~ 
mapping type c

into type T1, i — I, .. ., n. The constructor function c applied to arguments x 1, . . ., ~~ of types
T 1 T~, respectively, returns the constructed data object c(x 1, . . ., x,~). Inversely, each
selector function 5~ applied to the data object c(x 11. . ., x 1~) returns x 1.

2.1.3. Expressions

Expressions in TYPED LISP are limited to the following forms:

I. An if—expression with syntax:

if then else

where £~. are expressions.
$

2. A ~ass-.xpr.ssion with syntax:

T case of E
T,:E ,

where T is any data type which is an enumeration, disjoint-union, or recursive—union of
the types T 1, . . . , T1~; and ~~, ~~~ are expressions.

3. A f unction-ca/I of one of the following four forms:

not~~1

~ 
binary-boo/ean-op erator 

~2
£~ t,p.-o~eraior T

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _
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where f is a function-name (including constructor and selector names) E1. . . . , are
expressions; binary-booloan-operat or is either equals, nequals, e, -~c, and, or or;
typo-ope rator is either : or —: ; and T is any data type.

4. A bracketed expression

where ~ is an expression.

5. A primitive data object (capital identifier).

In TYPED LISP, expressions are evaluated according to a very simple set of rules. As in
nearly every language (e.g. ALGOL W) implementing conditional and case expressions, only
the index-expression and the selected alternative expression are evaluated. Since all TYPED
LISP functions are strict (except for the conditional and case operators), an function
argumeists are passed by value--including the arguments of boolean binary-operators, not,
type—operators, and all constructor and selector functions. In other words, every argument of a
function-call is evaluated before the function-call Itself Is evaluated. Each of the operators
equals, C, and —:T (for each type T) simply denotes the primitive TYPED LISP function of
the same name. Similarly, the operators nequals, -pc, and -‘iT (for each type T) denote the the
functions not . equals , not . c, and not . :T, respectively.

Initially, I enforced the following standard parse-time type checking rules in expressions:

1. The declared type of an argument in a function-call must be a subset of the declared type
of the corresponding formal parameter.

2. The declared type of the body of a function must be a subset of the declared type of the
function’s range.

3. The declared type of the index-expression in a case-expression must be a subset of the
type declared at the head of the case-expression. Similarly, the type of the
index-expression in an if-expression must be a subset of the type boo)ean.

However , I quickly discarded the idea when it became apparent that such type restrictions
forced the programmer to write awkward , inefficient code in many cases. Consider the
following sample program defining the commonly used functions auoc and put for
manipulating LISP a-llsts .

type tree a atom U JoinOeft: tree, right: tree)
type pair • palr(var atom , yak tree)
type pair _list • NIL U con.(head pair . t ub pair _Hit)



- 

___ 

_ _
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type ext _pair • NIL U pair

function assoc(r atom, k pair _ list ): ext_pair a

Join case of l
NIL: p,~:
cons: ‘head(I)) equals v then head(l)

cke . a~ioc(v,tai1(l))

function put(v atom , ti tree, I: pair_list ): pair_list a

pair_list case of I
Nib cons(pair(v,t),NIL)
cons: If var(head(l)) equals v then cons(pair(v,t),tail(l ))

else cons(head(i),put(v,t,talI(i)))

Now assume we want to use the expression vaKauoc(vJ )) in a context where I always contains
a pair p with head(p).v. The declared type of auoc is ext_pair which is not a subset of the
domain of the selector function vii . Consequently, the expression Is syntactically invalid
according to standard parse-time type-checking rules, even though its meaning is clear. If we
insist on requiring the type of an argument to be a subset of the declared type of the
corresponding formal parameter , we must replace

,ai(assoc(vJ))
by

ext_pair case auoc(v,I) of
Nib some va/u. indicating an error
pa in vaKauoc(v,J))

even though the NIL alternative of the case-expression can never be executed. Since
situations of the this kind frequently occur in actual programming practice. I relaxed the
parse-time type checking rules so that the typ e of an expression only has to intersect the ty pe
required by its context, e.g. the type of an argument must intersect the type of the
corresponding formal parameter. Of course, in an actual TYPED LISP implementation,
run-time type checking should be done in all those cases where standard parse-time rules are
violated. If the user formally proves that a certain run-time error can never occur, then that
particular check can be safely eliminated .

2.~ Syntax of TYPED LISP

The formal syntax description appears below. I have followed Hosre and Wirth’s syntax
diagram notation as closely as possible using the graphics characters available to me.
Non-term inal symbols appear in standard type terminal symbols appear hi bo1~facs.

~~~~~~~~~~ 
,~~

- -
. 

— .  
~~~~~~~~ 

- ~~~~~~~ ~~~~~~~~~~~ 
—.-— - — .—.—— ---.-~- 

~~~. - -~
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program

— data-type-definition 1

~~~~ function-definition J ‘
function-declaration

data—type--definition

ij typel P[ type_identifier 
j  

~
[

~]__ .. .-.+I~ eration ]____. —

disjoint-union__I_-I

~~~~~~~~~~~~~~~

~f ive~un ion

type—identifier

identifier 
j  

i

identifier

t Llower-c
~

se_1ettd1

enumeration

~ 
i[~ nstant j -.

- 
- 

- 

~~~~~~~~~~ 

I 
-
~ 

--- - -~~~~-- -—— - - —-~~~~~~ --



---.~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~- - -
~~~~~~~

- - 
~~~
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~~~~~~~~~~~~~~

—
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--_ _  _ _

2.2 Syntax of TYPED LISP Page 15

constant

capital—letter

disjoint-union

II~~
!pe_name j

El’
type-name

i identifier

constant J-
construction

constructor

P[~ ntifier 1 —‘

selector—declaration

selector —.
~
[
~J iJ type-name~ _s

selector

identifier E

- ~~ . ~- - .- - - 
- 

- . - - - -

— 
— 

-‘.--~~~~~~ ~~~~~~~~~~ - - - 
-- ~~~~~~ --——

_ _ __ _ _  

—
~~~~—
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recursive—union

‘I disPIne-uni~~j  .[]
~~ { 

-4 construction j

function-declaration

~[variable_declaration J ~~~~~~~ 
type-name p

__________ 1
function-name

identifIer

variable-declaration

variable J ‘[i]-~ 
‘

~ 

type-name

variable

I
function-definition

‘1 tunction-declarafton ]- 4~J -4 expression

- - _ _  

_ 
-—
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expression

i 
t[~ase-expression 

~

if_expressionf

term

case-expression

i[type_name 
~ 

P[~~~~~~
] 

~~~ 

of F ~4 expression F—1

1 [type_name J ifJ]____i expression j

if-expression

If J ~ 
expressic j____j

I { then J ‘1_expression j iJ elsel 4 expressionj ~
term

I 1__!~
t0t I -

1 [or [,1

I‘

~ 

4



~ 
- —
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factor

1 simple—expression

land J~
simp le-expression

not J -4 simple-expression_1

primitive-expression_ F

_+r;;;
~
1]__-_ ,.f_primitive_expression

primitive-expression

f type—name

I
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function—call

function-name J
__ _— [~] [expression~j  ‘[I]

ITJ

execution-expression

—4 expression —
~

The syntax rules which are not context free appear below:

1. The identifiers atom , any, boo lean, natnum , suc, minus , Integer, and all
capital-Identifiers are pre—defined type—names for every TYPED LISP program P. The
selectors pred and abs are implicitly defined within the constructions of suc and minus
(see Section 2.1. I].

2. An identifier employed as a constructor, selector, type-name, or function name must be
unique. No such identifier may be used as a variable. Furthermore, the variables
declared within a particular function definition must be distinct.

S. The identifiers type, function, declare, partial, if, then, else, case, of, and, or, not.
equals, and nequals are all reserved; they may not be defined by the user as type—names,
selectors, constructors, or function—names.

4. Before an Identifier appears in a data-type-expression as a type—name it must be defined
in a data-type-definition as a type-name or constructor——with two exceptions:
a. In the definition of a recursive type T, the type-names used in selector—declarations

may be defined anywhere in the program.
I 

b. If a type-name T is defined by a data-type-expression which is a construction, then( the constructor name must also be T.

1 5. The type-names which appear as alternatives in a disjoint-union must denote disjoint
t types. We defer the definition of disjoint type-names until the next chapter (Section 2.3.2)
I where we will continually use that definition in proofs. Despite the fact that the
I definition for disjointness of type-names is given in the chapter on semantics, it is really a
( syntactic notion. We can easily check to see whether or not two types are disjoint at parse

I time.

6. Every declared function must eventually be defined by a function definition.

-—  ~~~-- - - .- 
~~
-— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -  - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Furthermore, the parameter lists in must be identical in both cases.

~~. A particular variable v may not appear within the expression forming the body of a
function-definition unless it is declared in the function-definition.

8. The type—name T heading a case expression ~ must be either be defined as an
enumeration, disjoint—union, or a recursive-union. Within the case bc 

~
y of E~ the case

alternatives must be in one-to-one correspondence (including the same ordering) with the
subtype alternatives. Each case alternative must begin with the name of the corresponding
subtype.

9. A function—name may not appear in a function-call unless it has already been declared as
a function-name in a function-declaration, or as a constructor or selector in a
construction. in a function-call, the enclosed list of arguments must contain the
appropriate number of arguments for the particular function being called.

10. No variables may appear in an execution-expression.

2.3 Scm antics of TYPED LISP

Before defining the semantics of TYPED LISP , we must establish some notation for
distinguishing between a symbol and what it denotes. In cases where the distinction is
necessary, we will underline the symbol when talking about its denotation. On the other hand,
when no confusion is possible, we will usually omit the underlining of denotations in the
interests of improved readability.

In this section, we will define the meaning of an arbitrary TYPED LISP program P by
using the following approach. First, we will define a first—order predicate calculus language
L~ (including equality) such that the terms of L~ include all syntactically valid TYPED LISP
expressions given the functions and data types defined in P. Then, to define the meaning of
terms and formulas in the language ~~ we will construct a standard structure M~ consisting
of a data domain and interpretations for all the constant, function, and predicate symbols in
the language. We will use M~ to define the meaning of any statement about P written in L~ .

2.~.l. A ssertion Language Syntax

Before we can define the syntax of our assertion language, we must review the standard
definition for a first order predicate calculus language Including equality:

Definition. Given a countably infinite set of variables V , a (possibly empty) set of
constant symbols C, a (possibly empty) set of n—ary function symbols F~ for each positive 
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integer n, and a (possibly empty) set of n-ary predicate symbols for each poslelva integer
n, we define the corresponding first order language L (including equality) as follows. The
terms of L are defined by the inductive rules:
a. Any variable v V is a term.
b. Any constant symbol c c  C is a term.
c. If 1

~
, .., are terms and 11 Fn Cf is an n—ary function symbol), then fit 1, ~ ç~

) is a
term.

The formulas of L are defined by the rules:
a. If t

~ 
and t2 are terms, then t 1.t2 is a formula.

b. If t t~ are terms and p c 

~n (p is n—ar y predicate symbol), then p(t1, •
~
, :~) is a

formula.
c. If a and ~ are formulas, then (a A fi) is a formula.
d. If a and fi are formulas, then (a v ~

) is a formula.
e. If a and 8 are formulas, then (a ~ 8) is a formula.
1. If a is a formula, then (—a) is a formula.
g. If a is a formula and v c V (v is a variable), then (Vv a) is a formula.
h. If a is a formula and p c V (v is a variable), then (3v a) is a formula.

Given a TYPED LISP program P, the assertion language L~ is the first-order language with
the following specifications:

I. The variables of L~ are:
a. All identifiers which are not reserved or defined as type names, constructors, selectors,

or function names in P.
b. Subscripted single letter identifiers, i.e. a1,b1, ..., z

~
, a2, .. .,

2. The constant symbols of L~ are w , A, B,. . . , Z, AA , AB, . . . . AZ ,. . . , AAA , . . .  i.e. all
valid TYPED LISP constants plus w.

3. The function symbols of L~ are equals, c, not, or, and, is-T (for every type name T
defined in P), T-case (for each type name T defined in P which is a disjoint or recursive
union), and all the function names, selectors, and constructors defined in P. Each function
symbolf in L~ takes exactly the same number of arguments as its counterpart In P; hence,
not and fs.T (for every type T defined in P) take one argument; equals and c take two
arguments; and T.case takes n+ I arguments where n is the number of subtype alternatives
in the disjoint union forming T.

4. There are no predicate symbols In L~.

We will omit parentheses around formulas whenever convenient. In the absence of
parentheses the precedence of connectives in decreasing order of binding power is -

~, A, v, ~~.

All of the binary connectives (is. v, ~
) are right associative.
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To make the syntax of L~ and TYPED LISP consistent , we include the following
abbreviations in L~. Let E, 4’, a1, a2, . . . denote arbitrary terms, and let T denote an
arbitrary type. Then:

I. not stands for not(E)
2. ~ equals 4’ stands for equals(~4)
3. ~ nequals 4’ stands for not(equals(E9))
4. ~ c 4’ stands for c(E4)

5. E —c 4~ stands for not(c(E4))
6. E : T stands for is.T(~)
7. E -s: T stands f or not(l s- T(E))
8. if ~ then 4’ else t stands for boolean-case(~,4’J’)
9. T case ~ of T1: a1 T2: a2 ... T~: an) stands for T.case(E.a1,a2 ....a~)

(where T is defined as the disjoint union of the types T 1, T2,. .. , Ti,)

The operators introduced In the above abbreviations are ranked in decreasing order of
precedence in equivalent groups as follows:

{:T, —:T} (for any type TJ a
(equals , nequals, c, -ic) �

lnot} a
(or) a
(and) -

When the syntax of L1, is extended to Include the above abbreviations, the set of terms of L~
includes all syntactically valid TYPED LISP expressions given the declarations in P.

For notational convenience, we also Introduce the followin g formula abbreviations where 
~
, 4’are arbitrary terms and a, P are arbitrary formulas.

1. E — 4’ stands for ~~ 
. 4’)

2. a . 8 stands for (a 
~~ 

8) ,~ (8 ~ a)
3. E stands for ~ - TRUE

The new connective , has lower precedence than the other connectives (-‘. A, v, ~). Like the
other binary connectives, it is right associative. Of the three abbreviations introduced above,
the last one is by far the most important. Abbreviating the formula ~“TRUE by the term E
allows us to treat boolean expressions as formulas without jeopardizing the soundness of our
formal system . In addition, this abbreviation permits us to denote the universally valid
formula by the boolean truth value TRUE and the the unsatisfiable formula by the boolean
truth value FALSE without any loss of precision. Adding this abbreviation to does not

_ 
- 

_ I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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make the syntax of L~ ambiguous; a term’s context uniquely determines whether or not it
abbreviates a formula.

2.3.2. A ssertion Language Semantics

We will use a standard first order definition of truth for formulas in L~ given interpretations
for the constant symbols and function symbols (Enderton l9~2). The formal definitions
appear below:

Definition. Given a first order language L, a structure M corresponding to L is a
quadruple with the following components:
I. A non-empty set IMI called the domain of M.
2. For each constant symbol C in L, a member C of Ml.
S. For each n-ary function symbol fin L. an n-ary function ( IM(1 -~~ IMI.
4. For each n—ary predicate symbol P. an n-ary relation P c IMI’~.

Definition. Let M be a structure for a first -order language L Including equality. An
Interpretation funct ion for M is any function mapping the set of variables in L into IMP.

Definition. Let s be an interpretation function for the structure M. Given M and s. the
meaning of any term or formula ‘V in L is <‘V Ms> where < > denotes a translation
function that, given a structure M and an interpretation function s, maps the formulas in
L into truth values (true or false) and the terms of L into elements of (MI. We define the
translation function < ~ as follows:
1. For any constant C in L,

cC, M, s> — C
2. For any variable r in L,

.x , M, s> • s(x).
3. For any term in L that is a function call fin1, ... * 

an),

<fin 1, ... , a,~), M, s> .f~ca 1,M,s , ...,can,M,s>).
4. For any atomic formula in L of the form a-$,

<a—P. M, s> — true if <a,M,s> and <8,M,s> are equal
— false otherwise.

5. For any atomic formula in L of the form P(a 3, ... ,

cP( a 1, ... , a,~), M, s> — true if (<a 1,M,s~, ... , .ca~Ms.) c P
— false otherwise.

6. For any formula in L of the form S A# ,

cO~ 4’, M, s> — true if d,M,s> is true and ‘cO,M,s> is true
• false otherwise

7. For any formula in L of the for m S v 4 ’ ,

- -— .-- -- .~~ - —----- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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cS v 4’, M, s> — true if <S,M,s> is true or <4’,M,s> is true
• false otherwise.

8. For any formula in L of the form 0 ~4’,
.c0~ 4’, M. s> • true if <0,Ms> is false or <4’.M,s> is true

— false otherwise.
9. For any formula in L of the form -4.

<—0, M, s> — true if <0,M,s~ is false
— false otherwise.

10. For any formula in L of the form YrS,
cVx O, M, s> — true if <0,Ms> is true for all interpretation functions s’ such that

s’~y).s(,) for every variable y distinct from x.
• false otherwise.

Ii. For any formula in L of the form 3r0,
<3x0, M, s> — true if <0,M,s> is true for some Interpretation functions s’ such that

s’(y)•s(y) for every variable s distinct from x.
• false otherwise.

The translation of a term formula ~ corresponds exactly to our intuitive understanding of the
meaning of ‘V given that each free variable v denotes s(v), each constant symbol denotes the
corresponding element in M, each function symbol denotes the corresponding function In M,
each predicate symbol denotes the corresponding relation in M, and the built—in equality
predicate — “ denotes the binary relation ((x.x) I x c (MI).

We will use the following terminology concerning structures throughout the sequel.

Definition. We say that a formula a is true In M for s if and only if <7, M, s> — true.
We call M a model for a (denoted M II- a) if M satifies a for all Interpretation functions
s. If every formula in a theory (set of ~ormulas) T in L is satified by M, then we say that
M is a model for T (denoted M if- T).

Proofs of metatheorems about out formal system will frequently rely on the following lemma
without specifically citing it, since it is intuitively obvious:

1cm ma 1.. If two interpretation functions sI and s2 are identical for all the free variables
appearing in a formula or term ’V, <‘V. M, si> is identical to c’y, M, s2>.

Proof. Immediate from the definition of meaning of terms and formulas.

Before constructing the structure corresponding to an arbitrary TYPED LISP program P, we
must define the containment and disjointness relations on type names. Intuitively, the
elementary or minimal ty pes in a TYPED LISP program P are the primitive data objects
(pre-defined types in every program) and the constructor types defined in P. Every other type

k -
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defined in P can be uniquely decomposed into a (possibly infinite) union of these elementary
types. The disjointnes.s and containment relations on type names can easily be defined in
terms of these decompositions. We formalize this approach in the following definitions.

Definition. A type-name which is a capital—identifier or a constructor is minimal.

Definition. The normal form for type name T def ined in P (denoted NF(T)) is a set of
TYPED LISP minimal type-names defined inductively by the rules:
a. For any type name C which is a capital—identifIer: NF(C) — (C).
b. For any type name c which is a constructor defined in P: NF(c) — (cJ.
c. NF(atom) - (all cap ital- ident if iers except NIL, TRUE. FALSE, ZERO).
d. N F ( any )  — (all constr uctors) u (all capit al—I dentif iers).
e. For ~ny type name T defined in P as the union (enumeration, disjoint—union, or

recursive union) of the type names T 1, . . .,
N I (T )  NF(T 1) u ...  u NF(T ).

Defi~iition. Let U and V be any type names defined in P. We say that (I contains V
(denoted V L I)  iff NF(V) is a subset of NF(U).

Definluon. Two data type-names U and V are disjoint 1ff NF(U) and NF(V) are disjoint
sets.

The binary relation � satisfies all the defining properties of a reflexive partial ordering
except for anti—symmetry (x ~ y and y � x implies x • y). Two type-names LI and V may be
equivalent without being Identical (i.e x � y and y � x , but x — y). In the next section after
defining the interpretations for type-names, we will prove that type-name U � type—name V
1ff the data type denoted by U is a subset of the data type denoted by P. Furthermore, we
will verify that two type-names are disjoint if and only if the data types they denote are
disjoint sets.

Now we are finally ready to define the meaning of an arbitrary TYPED LISP
program. For any TYPED LISP program P. we construct the standard structure as
follows:

I. The domain IM~ P consists of the following symbols:
a. All underlined capita l-identifiers , e. g. A , B, . . . , Z, AA , . . . Each underlined

capital—identifier C belongs to every type T defined in P such that C ~ T (including C
of course). Using alternate terminology, C belongs to type T if and only If C NF(T).

b. The symbol w which does not belong to any type.
c. For each construction definition c(s 1: T 1, $2: T2, . . . , s1~: T~) in P and for any

symbols a 
* 
an in IM~ ( of types T 1,.. - , ~~ respectIvely, the symbol c(a jr...a)~~

,,_
~~~ ...-

. ‘ -..
_
4.
.~~

• —
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is also in IM~ I and belongs to every type T defined in P such that c s T (includIng c

of course). In normal form terminology, c(a 1.....a)~ € (M~,I belongs to type T if and
only if c i NF(T).

2. Each constant symbol C in L~. is assigned the element C of

3. Each n-ary function symbol f  in L.~ is assigned an n-ary function .(: IM~I’~ -. IM~,$ as

follows:
a. We define the functions equa.~ c~ and. or :  IMpI2 -, IM~I and not : M~ I lM~ l

corresponding to the function symbols equals, c, and, or, and not, respectively, by:

eguaIs(x,~) _ w i f x _ w o r y _ W
- TRUE i fx - 1a n d x,)y.w
- FALSE otherwise

c(x, !)_wif x~~
w o r y . w

— TRUE if x textually occurs in and x — z
- FALSE otherwise

and(x,!) - w if x — boolean or —c boolean
TRUE if - TRUE and p TRUE

• FALSE otherwise

or(x ,!) - w if x -.c boolean or —c boolean
• TRUE If x - TRUE or - TRUE
- FALSE otherwise

not(x) — w if x —c boolean
- TRUE if x. - FALSE
- FALSE otherwise

b. For each type T deftned In P. we define the function ~~~~~ IM~I -, IM~ I interpreting
the function symboi is-T by:

Is-T(x) TRUE if x type T
• w i f x - w
- FALSE otherwise.

c. For each type T defined in P as the union (enumeration, disjoint union, or recursive
union) of the types T 1. . . .. ~~ we define the function T.case IM~ r~ ’ 4 IMp

IL
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interpreting the function symbol T-case by:

T-case(x0,. ‘~~n~~~’I 
i fx 0 c T 1, I �i~~n,

- w otherwise.

d. For each construction definition c(s j : T 1, 52 T~, . . . , ç,: Tn) in P. we define the

functions C :  MpI’1 -‘ IMJ,~ and s~: IM~I -. 1M1,I for I a I, 2 , . . ., n by:

c(x 
~
.. . .. x,~) - c(x 1,. . .. it

,,) 
if x~ type T1, I s i s n,

- w otherwise.

— w if x —( type C

s~(c( x 1 

e. For each function symbol g explicitly defined in a function definition in P,
function g (x1 :T 1 

we define the corresponding function ~~: M~ (~ .~~ 1M1,) by the following process. First,

we create an infinite sequence of structures M~ — (M~
J I j — 0. 1, ...J for L~ such that

every member M~
J is identical to M~ except for the interpretations assigned to

explicitly defined function symbols. Each explicitly defined function name g Is
Interpreted in M~

i by the function & i: M~ l” -~ 1M1,I defined by: -

(J(x 1 x~ ) .< r. M~ k’ ,s> i f j > 0 a nd x~ eT 1 for all i, l~~ i~~ n,

— w otherwise,

where and s is any interpretation function mapping it
1 

into it1, i � i ~ n.

From an Intuitive viewpoint, g~ is simply the function computed by evaluating
g to function-call depth J and returning e if the computation is incomplete.
Informally, we want to interpret g as the limit of as j approaches .. Restated in
more precise terms, our goal is to define as the least upper bound of the sequence C
- (g..~ I j - 0, I, ... ) under the usual partial ordering ~ on computable functions. To
achieve this goal , we must define the parti al ordering ~ on functions and prove that
the least upper bound of the sequence C exists.

Definition. For any two elements x .y s 1M1,L we say * is less defined or equal to y

~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~ ;.~:.. .
‘
-
~~~~~-~~: ~~~~~~~~.. .
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(denoted a c y) 1ff a • w or a - y. For any two functions T I :  $M~ f’ -. IMF,I. we say
r is less defined or equal to s (denoted r ~ s) if r(x 

~~~~~ 
.. *~) ~ .. x,,) for all

., a,, c IM1,~ For any two structures M1, M2 in the sequence of structu res
M~ for the program P. we say that M1 is less defined or equal to M2 (denoted

~ M2) iff the inter pretation for every function symbol / in M1 is less defined or
equal to (~

) the corresponding interpretation in M2.

Given these definitions, it is a tratghtforward task to prov e the followin g lemmas
leading to our main theorem.

Lemma 2. Any ascendIng sequence of elements X a (x~ Ii - 0, 1, 4 in lM1,I has a

least upper bound.

Proof. The sequence is either identically w for all I, or there exists an integer It
such that Xk - w for some k � 0. In the former case. w obviously Is a least upper
bound. In the latter case, X~~

u 
*~~ for *11 I a k, since no other element in IM~ I ii ~

X k. Consequently, ZIt is a least upper bound. QE.D.

Lemma 3. An y ascending sequence of functions (f ~ 
( I  - 0, I, ..J in the function

space IM~,I” 
-, M1,l has a least upper bound.

Proof. Let g: IMJJ’ -. 1M1,I be defined by
x,,) — l.u.b.(f1(x 1, ... . x,,) Ii • 0. 1.4

We know that l.u.b.(f1(x 1, .. .. a,,) I i — 0, 1, ... ) exists by the previous lemma,
implying that g is welt-defined. Furthermore, by the definit ion of the ~ relation
on functions, g must be the least upper bound of the sequence of functions (4 Ii.
0, I, ...J, since for any x l. ...,x~ a IM~L g(x l. .., a,,) — l.u.b 4/~(x 1, ~.. a,,) Ii — 0. 1, 4.
4~ E.D.

Lemma 4. Let M1 and M2 be structures in the sequence (Mgi I for j  - 0. 1, ...}
such that M1 ~ P42. For any term ? in L~ and any interpretation function s for
IM~ L <i’, M~, s> c <v , M2. i>

Proof. By induction on the structure of V.

Case I. r is a const ant. This case is trivial since the interpretation of
constants is identical in P4 1 and P42.

______ 
I

L _ -~- - - -~



2.3.2 Semanti cs of TYPED LISP Page 29

Case 2. r is a variable. This case is also trivial since the interpretation of a
variable is entirely independent of the structure—it depends only on s.

Case 3. V is a function call of the form fi r 1, ... , s’,,). By the induction
hypothesis <i’s . M 1, s> ~ <i~, M2, s> for I — I, ... , n.

Subcase Sa. f is case-T for some type name T which is the union of the
types T1, I • 2. ... , n. By the definition of the sequence of structures M~. we know
ca se-T Is Interpreted by case-T in every structure in the sequence. Hence, for any
structure M in the sequence,

<r , M, s> — case.T(d 1, M , 5>, ..., <v ,~, M , s>).
If cT 1, M1, s> does not belong to type T, then ci, M1, s> equals w and the lemma
holds. Otherwise, the induction hypothesis implies <r 1, M1, s> - <r 1. M2, s> a T1
for some i. As a result,

<r , M~, s> — <r1, P4 1, s> ~ cc1, M2, s> — <i’, M2, s>,
proving the lemma in this subcase.

Subcase 3b. f  is not case.T for any type name T. Consequently , the
interpretation for f  in every structure in the sequence M~ is strict. Let /i and

denote the interpretations for f In M1 and M2 respectively, and let T 1 x . . .  x
be the domain for f  declared in P. If, for some i, <V i, M1, s> does not belong to

then
ci, M1, s> .f 1(cr 1, M1. s>, _., cs ,,, M1, s )  —

and the lemma is obviously true. Otherwise, the induction hypothesis implies that
for all i,

cci, M1, s> — <i
~
, M2, s> a T 1.

Since the interpretation for f  in M1 is less defined or equal to (
~) the

corresponding interpretation in M2. we conclude that

ci, M~, s> — f
~
<’

~ 
M1, s>, _., <in, Mi, ~~~~

~ .~a
(cv I, M2. i>, ... , d’~~, M2. s>)

provin g the lemma. Q.E.D.

Lemma 5. The sequence M~~. (M~i I J. 0, 1, ... ) is ascending.

Proof. We must prove that Mgi; M~
J
~~ for J - 0. I, ... The proof proceeds by

induction on J. Since the implicitly defined function names of P are interpreted
Identically in alt structur es in the sequence M~ we only need to consider the
explicitly defined function names of P. Let g be an arbitrary function name - -
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explicitly defined in P. For J - 0, I. .. .. we must show that ~ g14l given that
M~

t1c M ~iw henj>O.

Base case. J - 0. For each explicitly defined function name g, g0(x) — ti~ for
all a. Hence g0 

~ g
t .

Induction step. Given the induction hypothesis that M~
J 1  

~ MpJ. we must

prove that gJ E gJ+i Let

function g(x1 : T1.,. ., ~ : T0) : T • i

be the function definition in P for g. By the definition of the sequence of’
structures M~ . the following identity holds for k — 1, 2,

(x l,....xn).<c ,Mp
k_ I,s> if j >Oand ,,j .Tifor all l. I ~ is n ,

- i~ otherwise.

If, for some i, x~ does not belong to type T1, we get:

and the lemma holds. Otherwise,
., x n ) . cr , M~

J 1 . s>
and

., a ,,) . <1, ~~~
By the Induction hypothesis, M~

J 1  
~ M~,

J. Consequently, the previous lemma
(Lemma 5) implies that

., x e,) a <V. M~
t 1, s’ ~ <V. Mp’1. ~> • . .. x )

proving the lemma. Q~.E.D.

Theorem 1. For each explicitl y defined fun ction symbol g appearing in P. the
corresponding sequence of functions C has the following properties:
a. C is an ascending sequence under the partial ordering ~~.

b. C has a least upper bound.

Proof of a. Immediate from the previous lemma.

Proof of b. Immediate from property a. above and Lemma 3.

______ 

I
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From the perspective of least fixed-point semantics, the interpretation in M~ for each
explicitly defined function symbol g is the least call—by—value fixed point of the
recursion equation for g. Given a recursive definition for the function f ,

Iunct ion J(x1 : T1,., ., ~~ : Ta) :  T • i~
a call-by-value fixed- point of the equation is any function,( which Is a standard least
fixed—point (see Milner 1973] of the functional i~~ defined by:

a,,) - if x 1: T 1 and ... and X~ : T,,
then c evaluated at (x 1, _.,

else w.

See APPENDIX 3 for a discussion of call-by-value least fixed points.

4. Since there are no pr..dicate symbols in L~. there are no relations in M~.

Now that we have constructed the structure structure M~ interpreting the function and
constant symbols of L~. we can define the meaning of formulas and terms in L~ In the
obvious way. The meaning of a formula or term ‘I, given some interpretation function s
assigning values to the free variables in y, is simply cv. Mi,, s> If a formula ~y in L~ is true
for all interpretation functions s, then ‘~‘ is a theorem for P.

2.3.3. The Semantics of Program Composition

At this point. it is Illuminating to examine how the structure M~ for the program P changes
when we add new function or data type definitions to the program. Intuitively, the meaning
of a TYPED LISP data type or function definition is dependent only on the data types or
functions used in the definition. Consequently, expanding a program by adding new data
type or function definitions should not affect the meaning of the data ty pes or fun ctions
alread y defined . Does this property hold for our formal definition of the meaning of TYPED
LISP programs? The answer is a qualified yes.

If we create a new program P~ by adding some new function definitions to the original
program P. the interpretations for all of the old function symbols are unchanged in the new
the structure M~*. Similarly, if we Include new type definitions in P~, then all of the
interpretations for the old function symbols are unchanged when we restrict them to the
original domain. However, there are rare cases where a statement in L~ is true in M~ but
false in M~*~ and vice-versa. Fortunately, the statements involved are of no practical
importance, they are simply statements or consequences of statements asserting the existence of
an object of type any not belonging to any other type defined in P. Furthermore, we can
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-- -

2.3.3 Semantics of TYPED LISP Page 32

design our formal deductive system so that the provable theorems of L~ are a subset of theprovable theorems of L~* [Statements which are true for M~ but not for M~* will not be
provable from the axioms for M~J Consequently, ex tend ing a program won’t force us toreprove the theorems we have already proved.

L -~~~~~~~~~~~ 
::.,. ~~~~~~~~~~~~~~~~~~~~
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CHAPTER 3

A FORMAL DEDUCTION SYSTEM FOR TYPED LISP

3.1 Introduction

Although Section 2.3.2 presents an intuitively plausible definition of the meaning for any
statement In the assertion language ~~ we have no system atic way to determine whether a
particular statement in L1, is true or false. Unfortunately, Godel’s incompleteness theorem
implies that there is no effective procedure which will determine whether an arbitrary
statement in L~ is true or false in M~. In fact, Godel’s theorem implies the much stronger
result that the true statements of M~ are not recursively enumerable. From the standpoint of
completeness, the best that we can do is to Construct a set of axioms A~ in L~ incorporatin g
all of the fundamental properties of M~ that we understand and use standard first order
predicate calculus rules of Inference (e.g. Gentzen’s Natural Deduction Rules) to prove
theorems from the axioms. In practice, the inherent incompleteness of any axiomatization
should not be a very serious problem. If a programmer genuinely understands the workings
of a prog ram he writes , then he should know at least in principle how to prove that the
program is correct from the basic properties of the program data. Furthermore, if our
first—order deductive system is constructed with care, virtually every such proof will be
formalizable in our deductive system.

3.2 A~: An Axiom System for the Standard Mode)

We will now construct a set of axioms A~ for M~ . To demonstra te that A~ is really an
axiomatIzatlon of we must informally prove that every axiom in A~ is true in M~ . In
the course of these proofs, we will need the follow ing definitions , lemmas, and theorems:

Lemma 6. For any types T 1, T~, T 1 � T2 implies that type T 1 is a subset of type T,.,

Proof. Immediate from the construction of IM~~

L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~
. -
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Definition. A minimal type T is either a single element type C con taining the primitive
object C, or a construction type.

Lemma 7. Any two minimal types with distinct names are disjoint.

Proof. Immediate from the construction of ~~~

Lemma 8. Every element of IM~ I except w belongs to a unique minimal type.

Proof. Every x E IM~ I is either a primItive object or a constructed object. If x is some
primitive object C distinct from w, then x belongs to the minimal type C; otherwise x is a
constructed object and x belongs to the corresponding contruction type. Since all minimal
types are disjoint, no element can belong to more than one minimal type. Q~E.D.

Theorem 2. Every type T defined in P is the union of the types denoted by the type
names In NF(T).

Proof. Let x be an arbitrary element of T, and let T,~ be the minimal type of x. By the
construction of IM1,~, x belongs to type T if and only if the type name T~ C NF(T).  Q~E.D.

Corollary 2.1. Let x be a data object in 1M1,I and let T,~ be the minimal type of a. Then x

belongs to type T if and only if T~ � T.

Proof. Immediate.

Corollary 2.2. If the type name T is defined in P as the union (enumeration, disjoint
union or recursive union ) of typ e names T 1 , .  . ., T,., then for any data object x, x belongs
to type T if and only if x belongs to type T~ for some I, I ~ i ~ n.

Proof. By the definition of type name normal forms, NF(T) - NF (T 1) u . . . u NF(T~). Let
T,~ denote the minimal type of a. By Corollary 2.2, a belongs to type T if and only if the
ty pe name T,~ i NF(T). But the latter condition holds if and only if T,~ NF(T1) for some

I, I � i � n, which by Corollary 2.2 is equivalent to x s T~ for some I.

- Lemma 9.. Let (1J j  - 0, 1, ...} be an ascending sequence of functions mapping M~ 1” into .

Let (x 1~ I J —  0, ~~~~~~~~~~~~~ 0, l,... J be ascending sequences of elements ln
IM~~ Then:
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I.u.b. t~kx 1 , ... , X~
i) j — 0 , I. J —

l.u.b. t (kl.u.b.{x ,
k J k — 0 , ~~~~~~~~~~~ k — 0 , I,... ) ) l j —  0, 1....)

Proof. Each ascending sequence {x11 I j  — 0, I, ... ), I ~ i � n. is either identically u for all j ,
or there is some integer k1 such that a11. a1 w for all j � k1. If the sequence {x~

J j .  0,
I, ...J is identically w, we set k1 to zero. Let k — max(k 1 I I ~ i ~ n}. Each sequence {x 11 j

— 0, 1, ...}, I � I � n, is constant after the first k elements. Consequently the two sequences:

and
((kI.u.b.(x 1

k 
I k — 0, i, ...}, ... , I.u.b.{x n

k 1k — 0, I, ... )) Ij  — 0, I, 
~~

are identical beyond the first k elements and have identical least upper bounds. Q.E.D.

Definition. The partial ordering c on the domain 1M1,I is defined by:
x c y if c(x ,y) - TRUE

Lemma 10. The the partial orderin g c on the domain IMJ,I is well-founded (I.e. no
member of the domain has more than a finite number of predecessors).

Proof. Let z be any member of IMJ,~ By the definition of ~~~ a must be either a
primitive object which has no predecessors or a finitely constructed object. But the only
predecessors (under the ordering c) in IM~ l of a finitely constructed object a are sim ply
the objects textually occurring in a. Obviously, there can only be a finite number of such
objects (they all must be objects created In the process of constructing a). Q.E.D.

Theorem 3.. For any function definition in P:
function fix 1: T 1,. . . x~: Ta ): T0 u ~

and any interpretation function s for L~ which maps a1 into some object in T~, I � I s fl:
<fiX j r ..,Xn ),M p.5> - <E(x ii_ .,xn ),M p,s>

Proof. Let a1 denote 5(n ), the Interpretation of a1, and let (i denote the interpr etation off
in the structure M~

1. By the construc tion of ~~~<f ix 1 xn)~M pi s > _ J 3x i , . . . , xn)

- 
~~~~~~~~~~~~~~~ 

0, 1, ... ).

•1
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. l.u.b.f’cE, M~i. s> I j — 0. I , ... J .

So to prove this axiom is true in M~. all we have to do Is prove the following lemma.

Lemma 11. For any expression 1 in L~ and interpretation function s,

— l.u.b (‘c $ ,M~
J s> Ij - 0, I, ... }.

Proof. By induction on the structure of V.

Base step: V is a constant C. This case is trivia l since C is interpreted as C in M~
and in M~

1 j ~~ o.
Induction step: t is a function call of the form fia1,. . ., e,~) where f is a function

symbol in L~ and a s ,. . ., are terms that satisfy the lemma. As before , let (1 denote the

interpretation off in the structure M~
J. 1ff is not explicitl y defined in P (defined by a

recursion equation), then we define - for all j . By the 1.u.b. lemma (Lemma 9)

l.u.b. {c1 M~
i s> j —  0, I, ... )—1. u .b. (.cfiaj , ..., an), Mpi, s> lJ 0,I.... )

— l.u.b. ((k.ca1, M~
i. s> , ... , <an. M~

J. ~>) Ii — 0, 1, 
~
.}

where a1, I ~ I s n, denotes l.u.b.{ ca 1, M~
k, ~> p k. 0, I, .. ).

Our induction hypothesis states that for I s i ~ n, 1.u.b.(ca1, M~i, s> I j . 0, 1, .
~ 

) —

<a1, M~ ,
Hence by the induction hypothesis and the construction of 

~
.

1.u.b. ci’ M~
J s> j — 0, I, ... } .  l.u.b. t~k<a 1, ~~~ s>, ... , .ca~. M~ . s>) IJ. 0, 1, ... )

.J~’ca 1, ~~~ s>, 
~
., <an, ~~~ a>)

— <((a1, ..., a,~), M~. ~~>

— <s s>

Q~E.D.

A description and justification for each axiom in the theory A~ for the structure follow s.
Many of the axioms are immediate consequences of the construction of M~~ In that case, I
will simply state “ immediate ” as the justification.

I. Primitive data type axioms.
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a. For distinct constan t symbols C1, C~.
C1 .C2. 

-

just ification: Immediate, since C 1, C2 are interpreted by the distinct objects Ci. 
~
a,

respectively.

b. For every constant symbol C except w, NIL, TRUE, f~ALSE, ZERO:
C: atom.

just if icat ion: Immed iate, since the only primitive Qbjects in IM~ I not belonging to
type atom are NIL, TRUE, FALSE, ZERO, and ~~.

c. For each constructor definition c(.) where c is a constructor and v is a list of
selector-declaratIons.

Va (x: C ~ a-’: atom).

Justif icat ion: In 1M1,I a constructed object of type c belongs to to type T if and only If
c ~ T. By the definition of the � relation on type names (See Section 2.2], c -.� atom.

d. For every constant symbol C except w (i.e any capital—identifier)
Vx (x.C.xCJ.

justificat ion: In IM~I the only object defined as an element of type C (where C is any
capital—indentifier) is C.

e. NIL: atom
-‘ TRUE: atom
-‘ FALSE: atom
-‘ ZERO: atom

just ifi cation: Immediate.

f. Va (x any •

justification: Immediate from the definition of M1,I and Is- T.

g. For every type T defined in P:
~~: T • ~~ .

j ustif ication: Immediate from the definition of is-T.

_ _ _ _  --~~~~~~~~~~~~~~~~~~
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2. Union axioms.

For each data typ e name T0 defined as a union (disjoint union, enumeration, or recursive
union) of the ty pes T 1, T2,. . . , T~:

Vx (x: T0 • x :T1vx : T2 v . . .v x : T~J.

justification: Immediate consequence of Corollary 2.2.

3. Construction axioms.

a. For each construction definition c(s ~: T 1, 52: T2,.. . , 5~~: T~)

1. YX 1.x2. ....x~~(x 1:T1A x 2:T 2 A . . . A x : T  ~ c(x1.x2..... x~) c).

Justification: Immediate from the definition of IMJ,p.

2. Vy fy: c ~ c(s 1(y) , ‘2~~’ ‘•~‘ s0(y)) - y].

Justif icat ion: From the definition of (M1,I, we know that an object y belongs to
the constructor type c if and only if y - c(x

~ •••~
xn) for some a 1, . . ., x 1~ c IM~~

Furthermore, the definitions of the constructor and selector functions in M ~ assert
that c(x 1.. . ., x~ ) - c(x i~

.
~
,xn)

~ 
and $ i(c(x i p an)) — a1, I s i ~ n. Consequently,

y — C(X 1r...X) ~~ — c(x 1,.. ., x.~) — c(s 1(y), 
~~~~~proving the desired result.

3. Vy (y: c os ~(y) T~] ( foij .  l, 2 , . . . , n).

Justifi cation: Immediate from the construction of

4. VX 1.X2. .... X~~(X 1:T 1 A * 2:T 2 A . . . A x ~:T ~ sj (c(xi.xr ....xn) ) • xj )
(f or j .  I, 2 , . . . , n).

justification: Immediate from the construction of

b. For any distinct constructors c1, c~.
Va (x: C1 a a-’: c2J

_ _ _  _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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jjust ification: Since c 1 and are distin ct minimal types,
they must be disj oint (by Lemma 7).
4. Induction axiom schema.

For any formula 8(x) w ith the single free variable a:

Vy (Vx (xcy a 8(x)) a 6(y)] a Vz (fl (s))]

where 8(y) is an arbItrar y formula wi t h the single free variable y.

Justification: This axiom schema simply asserts that the induction princi ple holds for the
domain IM~I under the partial ordering c (at least for statements expressible In Lv). By
Lemma 10, the partial ordering c is well-founded. Consequently, the rule is valid.

5. Axioms for equals. not, or. and:

a Vx [x i iw • a equals x • TRUE).
b Vx ,y lxøy A x~w A • a equals y • FALSE).
c. Va [w equals a • w].
d. Va (x equals 0 • wJ.
e. not TRUE • FALSE.
f. not FALSE • TRUE.
g. n o t w . W .
f. Vx (a-’: boolean a not (x ) • w.
h. TRUE and TRUE • TRUE.
i. TRUE and FALSE • FALSE.
j. FALSE and TRUE • FALSE.
k. FALSE and FALSE • FALSE.
I. Vx (w and x • oJ.
m. Yx (a and w • w).
n. Va.y (x—: boolean v y-.: boolean a a and y • w].
o. TRUE or TRUE - TRUE.
p. TRUE or FALSE • TRUE.
q. FALSE or TRUE • TRUE.
k. FALSE or FALSE • FALSE.
1. Vx (w or x •
m. Va (a or w • w].
n. Va.7 (a-’: boolean v y~: boolean a a and y • wJ.

just ification: Immediate.

6. Axioms for c (containment ).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-
~~~~~~

-
~~~~~~~~~~~~~ -
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a. For each construction definition c(s 1: T 1, s~. T~~.. . . s~: Tn):

1. Vy,x1.x2, ....x~ (y c(x1, x2, 
~~~ n~ 

A P0 a ajaY)
f o r j —  I, 2 , . . . , n.

2. Vy.x1,a2, ....x~ [(y-ucx 1 A y.a1) A (y~ cx
2 A pa2) A .  . . A ~7-’cx~ A pan)

a y-ucc(x1, ... , a0)).
b. Va [xu”w a a~cx].
c. Vx ,y,z (xcyAycz a xcz).
ci. Y x ( ~cx • 0).

e. For any constant C other than 0:

Yx (x~o a a-icC].

Justification: Immediate from the definition of e~

7. Axioms for case.

For each type identfier T defined in P as the disjoint or recursive union (including
enumeration s) of the data ty pes T 1, T2, . .. , and Tn:
a. Vy~a1~a2,...~x~~(y: T1 a T casey of T 1:x 1; ....l’~:x ~; ..., T~:x ~ - a1]

fo r i — I. 2 , . . . , n.
b. Vy,a1,x 2~..,x~ (-i(y: T) a T case y ofT 1: a 1; ..., T1: a1; ... , Tn: x~ - so]

justification: Immediate from the definition of case-T.

8. Function definition ax ioms.
For each function definition

function fix1: T 1,. . . , an: T,,) T0 • Ex 1, ...~ 
a~)

where f is a fun ction identifier; a1 , . . .  , an are variables; T 1, T2,. . . , T~ are types; and
is an ex pression containing no variables other than a1,. . . , x~.

a. Vx 1,x2, ...,x~ (-‘(a1: T1) v . .  • v - ‘(x 1:T~) a fix1, .,., a,,) so].

Justification. This axiom asserts <fix Ir I~
mn)

~
MP,3> equals ~ if s maps some x~, I s i ~ n,

into some object not belonging to type Ti. But this is a trivial consequence of the fact that
(is undefined (so ) if any of its arguments is of the wrong typ e.

b. Yx iar ...,x 0 (a1: T1 A . . .  A x1:T,, a fix 1, ..., as,). E(x 1, ... as,)) .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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justif ication: Immediate from Theorem 3.

3.3 Completeness of the Axiom System A~

We have established that M~ is a model for A~ . However, this fact is still no assurance that
A~ Is a satisfa ctory axiomatization for M~. Some important properties of M~ may not be
specified by A~ . By the completeness theorem for first—order predicate calculus, we know
that a formula a in L~ is provable from A~ if and only if a is true for all models of A~ .
Consequently, examining other models of A~ gives us some hints about the completeness of

our axiomatizatlon of M~ (by Godel’s incompleteness theorem, it cannot be fully com plete).
First, let us look at the alternate models for A~ on the standard domain M~ l. Axiom

group 8 asserts that all explicitly defined functions in P are call-b y—value fixed—points of
their defining recursion equations. Nothing in these axioms restricts their interpretations to
the least call-by—value fixed-points. As a result, any set of call—by—value fixed—points is a
valid interpretation for the explicitly defined function symbols of P.

For example, let P be some TYPED LISP program containing the following function
definition:

function loop(x: natnum ). natnum a loop(x)

The interpretation for loop in the standard model is the everywhere undefined function.
However , any function mapping ~MJ,I into IM~ I which is undefined for non—integers is a
valid interpretation for loop. Consequently, we cannot prove anything about the function
loop other than the trivial fact that it is undefined for non—Integers.

In general , the axiom set A~ is strong enough to prove the totality of almost any total
TYPED LISP function (obviously, we can’t escape the fundamental incompleteness inherent
in any recursively—enumerable theory dealing with the termination of arbitrary programs), it
cannot prove the non-totality of TYPED LISP functions which are undefined for some
Inputs, or that equivalent non-total TYPED LISP functions are equivalent——except for a few
special cases. However , I do not think this weakness of my semantics is a serious
disadvantage In practice. Very few functions appearing in everyday programs have domains
which are not recursive (interpreters seem to be the most prominent exception). Consequently,
if the data type definition facility in a programming language is powerful enough to define
any recursive set as a data type, nearly every function encountered in practice can be written
as a total function on user-defined data types. (TYPED LISP currently does not have this
power, but it could easily be extended so that it did.) Moreover, In order to handle the rare
cases where partial functions are of practical significance, it is possible to write recursive
definitions for partial functions which have unique call-by-value fixed—p oints (the trick Is to

- -
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create recursive functions which return computation sequences rather than single values).
Syntacticall y characterizing important classes of recursive definitions which have unique
call —by—value fixed points is an interesting topic for further research.

The other non-standard models of interest are those which have domains which are
extension s of )M1,). While the axioms in A~ specify the characteristics of every user—defined
type of P in detai l, they make no restrictions on the objects belonging only to type any.
Consequently, if we extend the program P to P~ by adding some new data type and function
definitions, the structure M~* is a model for A~ if we exclude the interpretations for the new
function symbols (function symbols not Included in Lu). As a result, any provable theorem

for P is true for P~. Viewed from the perspective of proof theory, the same result is even
easier to derive. For any program P~ that is an extension of P, the axiom set A~ Is a subset
of the axiom set A~ e (axioms corresponding to a particular function or data type definition
are generated Independently of the definitions context). Hence, any theorem provable from
A~ is provable from A~*. Since M~* is model for A~*. we conclude that any provable

theorem for P is true for P~.

• V~4 - —

—~~--“ -
—

~~~~ ~L.. --
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CHAPTER 4

A NATURAL DEDUCTION SYSTEM POE TYPED LISP

4.1 Introduction

Since proving theorems in L~ using a standard fi rst-order deductive system is an exceedin gly
long and tedious task, I have develo ped a natural deduction system N~ for proving
quantif ier-free theorems in L~ from the axiom set A~ . Restrictin g the programmer to
proving quantifier-free theorems does not seem to be a serious limitat ion. The programmer
can convert any statement involving quantifiers to quantifier—free form by using sko lem
funct ions , assuming he can write TYPED LISP definitions for the skolen i functions
Introduced.

In the deduction system N~. proofs normally proceed backward s from the statement to
be proved (called a goal) by matching the goal with the conclusion of a rule reducing the
proof of the goal to the proof of the rule’s premises (called subgoals) which presumably are
easier to prove. Although N~ is designed only to prove quantifier-free formulas, we cannot
entirely eliminate quantifiers from ~~ since quantifiers are required for the statement of
induction hypotheses appearing in N~ proofs. There are no other exceptions to the ban on
quantifiers. Henceforth, we will refer to quantifier-free formulas simply as formulas.

For the sake of simplicity, let us adopt the following notation for statements in N~ . All
statements in N~ have the form A I 4~ 

where P is any formula and A . (as.. . . , a,,~ Is a
(possibly empty) set of hypotheses which are formulas or induction hypotheses. A 4 is

- simpl y a compact notation for the L~ formula sC1A . . .  AO
5~ a P. Induction hypotheses have

the form Vx 1.....x~[A I 4) where A I 0 is a statement. We will use the customar y notation for
substitution into expressions and formulas. Given the ex pression or formula ‘y, the variable
a, and the express ion ?; ‘P~ denotes the result of substituting r for every free occurrence of a

In ‘V. We will use the analogous notation A to denote the result of substituting~ ’ for every
free occurrence of a in the hypothes is set A.

— -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - .
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We define the formal system N~ for proving theorems A I P as follows:

I. ( I  I TRUE is provable (i.e. is a theorem ). —

2. Any other goal A I 4 is provable in N~ if and only if there is an inference rule in N~
with conclusion A I 4 and premises A1 I ~~ 

. , A 0 I ~~~~~ 
where the premises are

provab le.

The proof system N~ has four classes of inference rules: expression simplification rules.
formula simplification rules, goal simplification rules, and general proof rules. While it is
possible to derive every rule of from the axiom set A~ and standard first -order predicate
calculus deduction, it is a tedious. uninteresting task. I will follow the simpler course of
verifying the truth of the rules for the standard model M~. Since all of the simplification
rules (expression. forrr’ila, and goal) follow immediately from the definition of M~ and the
definition of truth for first-order languages, their justifications are omitted. A description of
the rules in each of the four classes follows.

4.2 Express ion Simplification Rules

Expression simplification rules have the form B I 
~ 

where B . (4~ ... is a set of

formulas , and El. E2 are TYPED LISP expressions. The rule B I 
~i 

u> means that any
occurrence of the expression E 1 in a goal A I ‘V may be replaced by E2 provided that B is a
subset of A. Formally, the orig inal goal A I ‘V is the conclusion of the inference rule and the
transformed goal is the premise. The expression rules of N~ appear below:

I. For any expressions El. Eta, #:

(#1 I 4’ • TRUE
( I  I if TRUE then E1 else t2 •

( )  I If FALSE then E1else E~ •> £2
( 1  I if s. then £~ 

eise~ 2 u> w

(4’ -’:boolean) I hf # then E1else -E~ > ~

2. For every type T that is a type-un ion of subtypes T 1,. . . , T~; and any eapressions £

_ _ _ _ _ _  --~~~~~~~~~~~~ - - -~~~~~~~~~~~~~-~~~~~~~ - -- - — - - - ~~~~~~~~~ - .
~~~~~~~~~~~~ -- —-—~~~~~ - -
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(E : r 1~ I T case E of T1: E
~ 

... T0: E~ > E~ (for i — I, ... , n)

(E -‘: T) I T case E of T1: E~ 
... T~: E~ •> ~ (for I — I, ... , n)

( ) I T case ~ of T1: E~ 
. ..  ~~ E~ •> 0

3. For any expressions E~. £2. 4’:

tE,— E 2i I E1equals E2 • E1:any

~ £2) I £i equals £2 •> not [E 1 : any and £2 : any)

(4’ : boolean ) I 4’ equals TRUE .> 4’
(4’ boolean) I TRUE equa ls 4’ •> 4’
(4’ : boolean) I 4’ equals FALSE •> not [4 ’)
(4’ : boolean) I FALSE equals 4’ •) not [4 ’]
( I  I 4 ’ c 4 ’  .> not [4’:anyJ
(E1 c E~) I E2 c E1 .> FALSE

• E~
) I £

~ 
e £2 •> not 1E1 : any)

~~C 
~~ 

I E
~ 

c £2 •) FALSE

4. For any expressions E. 4 ’ and any types T 1, T2 such that no data object of type T 1 ever
occurs structurally within an object of type T2 (a property which is easily determined from
the data type deflnitions~

T1, 4 ’ :  T2) I £ c 4’ ~ > FALSE .

5. For every construction type definition C(S1: T1, . . .  . 50: T0) and expressions £i~
.. . .

and

(E 1 : T1, .. .., E~ : T~. 
~~~ 

: T1 . .  . , 4c~ : T~) I
C(E1, ..., E,~

) equals C(4’1, ..., •> E~ equals 
~~~ 

and . . .  and E~ equals 4 ’~
..., : C) J E~ e C(E1, .... £,~

) .> TRUE (for i — I , ..., n)

8. For every rule which rewrites an expression of the form E equals 4’, there is a dual rule
with the identical premises which rewrites E nequals 4’ as the opposite boolean value.
Similary, for every rule rewriting an expression of the form E c 4,, there Is a dual rule
rewriting £ ..c 4,.

7. For any primitive object (capital identifier) c, any data type T, and any expressions 
~~, 4:

( )  I c :T  • TRUE (whencisamember of l’)

~

-

~

-

~

- - ~~~~~~~~~~
- -----

_ _



4.2 Expression Simplification Rules Page 46

( )  c : T •> FALSE (when c is not a member of T)
I )  I E :c •> E equals c
(E — : T) I £ : T •> FALSE
(E : Ti I E -‘: T •> FALSE

any. 4’: any) I E equals 4’] : boolean •> TRUE
(E : any, 4: any) I rE nequals 4’] : boolean •> TRUE

any. 4’: any) I LE c 4 ’] :  boolean s> TRUE
any , 4’: any) I CE ~~c 4 ’] :  boolean • TRUE
any) I cE : T] :  boolean •> TRUE

(E : any) I CE -‘: T]: booiean •) TRUE
boolean, 4’: boolean) I iE and 4 ’] :  bookan •> TRUE

fE : boolean, 4’: booiean) I rE or 4 ’) : boolean •> TRUE
boolean) I [not Ei: boolean •> TRUE

8. For any expression E and any types T 1, T2 where T 1 is a subset of ty pe T~.

(E : T1) I E : •> TRUE

9. For any expression E and any dispint types T~, T~.

(~ : T1) 1: T2 •> FALSE

10. For every construction type definition C(S 1 : T1,.. . , S0 : T0) and expressions Es.... ,

T1 • . .,  En : T~ ) I C(E1. ..., E,~): C .> TRUE

II. For every rule which rewrites E : T there is a dual rule with identical premises which
rewrites £ -~: T as the opposite boolean value.

12. For any expressions £. 4” and any type T:

fE z boolean ) I E and TRUE •> £
boolean) I TRUE and £ •> £

(E : boo lean) I £ and FALSE •> FALSE
boolean) I FALSE and £ •> FALSE

(E : boo lean) I E or TRUE •> TRUE
(E boolean ) I TRUE or E •> TRUE

booiean) E or FALSE •> E
(E t boo lean) I FALSE or E •> £
( )  I not FALSE •> TRUE
( )  I not TRUE •) FALSE
( I  I not cE and 4 ’] •> not cEi or not [ 4 ’]
( )  I not CE or 4 ’] •> not rEi and not c4’)

-- ---- - .~~ -- --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— -- --- --

~~
-— - — -~~~~~~~~~~~—~~~~-- - - _ _ _ _
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boolean) I not not CEJ •> £
) I not cE equals 4’] • E nequals 4’

I 1 I not rE nequa ls 4 ’) •> £ equals 4,
( I  I not CE 4’] •> E -~~~ 4’
1)  I not CE ~~ 4’J •> E ~ 4’
I I I not cE : T] •> E ~: T
f )  I not CE -‘: Tj •> E : T

13. For any variable a and any expression £ which does not contain a:
(x .E) I x •> E

14. For any expression £ and any data object t (i.e. a primitive object or a constructed data
object)

tE.ri i E •‘ r
15.For every function F(including all selectors, constructors, and the operators equals,

nequals , c, -.c, and , or, not, :T [for any type TI, and —:T (for any type TI) with domain
a . . . x T~; and any expression s £i. ...,

—.: T1) F(E1, ..., a> w (for i — I, ... , n)

1E1 . w} I F(E 1 E~ a> ~ (for i — I, ... , n)

4.3 Formula Simplification Rules

Formula simplification rules closely resemble expression simplification rules; the only
difference is that they rewrite formulas instead of expressions. A formula simplification rule
has the syntax B I 

~i ~ “2 where B is a set of hypotheses, and a 1, u~ are formulas. inc
rule B I 

~~ 
•> means that any occurrence of- the formula a1 in a goal A I ‘V may be

replaced by a2 if B is a subset of A. Since expressions can abbreviate formulas in our
first-order language, expressions denoting formulas may be rewritten by formula simplication
rules. A fist of the formula simplification rules in follows:

I. For any expressions E t. £2:

I) I “ • FALSE

~: boolean) I £
~ 

•> FALSE

I )  I E1.E1 •> TRUE

(E2 - E11 I E1 .E 2 •> TRUE
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fE1 . £
2

1 I E~
a £2 •~ FALSE

fE 2 ~ 
E~

) I E~ 
. £2 a> FALSE

(E i ~ £2) I E1 ‘£ 2 a> FALSE

fE2 c 
£
j 

I E1 • E2 •> FALSE

fE2 : any) I ~ a £2 a) FALSE

any) I E~ 
a 0 a> FALSE

1)  I £1.TRuE a>

I I I E~ 
. FALSE a> not CE

1
]

I )  I T R UEa E 1 •>

I ) I FALSE a E~ a> not FE1]
I I I £~ equals £2 a’ £, £2 A £

~ 
: any

I I I £
j 

nequals £2 •> — £2 A E~ 
: any~ ~2 : any

2. For any expressions E l. £2 and any disjoint types T 1 and T2:

1E 1:T1, £2:T2 1 I £~ 
a £2 a> FALSE

3. For every formula rule which rewrites a formula of the form £ — 4, as a, there is a dual
rule with the same hypotheses which rewrites £ 4’ as —a.

4. For every construction type definition C(81: T1,... . S0: T,~) and expressions E s . . . . .
and

(C(E 1, ..., E 0) : C , C(4’1....~4’~) :C)  I 

E~ 
a C(4’1, ... , •> E~”4’~ A ,  . , A

5. For every formula a, P; and every expression £. 4’:

(
~

) s( a) TRUE
(- ~ ) I ~ •> FALSE
11 I TRUE A~~ a> ~~

I )  I SCATRU E •> “
U I FALSE A ~ a> FALSE
I )  I ~~~~A FALSE a> FALSE
1)  I TRUE v~~ a> TRUE
I )  I ~~v TRUE •> TRUE
I )  I FALSE v .c •> ~
1)  I ~~v FAL$ E a> ~~

L _  --
~~~~~~~~~-
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{ }  I FALSE~~-OI~ a> TRUE
I )  I TRUE~~.c a> ~
I )  I c~~TRUE a> TRUE
Ii I ,C.TRUE a) .~

I )  I TRUE.-.e a> ~

( )  ,~a FALSE a> —“

( 1  I FA LSE.S~ a> —~I) I — TRUE a> FALSE
( I  I -‘ FALSE a> TRUE
I )  I -‘ (E ’#) a>
I I I ‘(E #) a> E a #

boolean) I £ a) not CE)
I )  I — - ‘ -“ •> .e

I )  I — ( ~c t f t )  a> -.ic v -’$
I )  I -.( uc v ft) a> -i.~~A -i4

I )  I - ‘ ( c ~~4) a> ~~~A I 4

4.4 Goal Simplification Rules

The goal simplification rule denoted
A I a --> B 10 ~matches goal A I~~ 

and rewrites It as B I ft. Formally, B I ft is the premise of the rule and A I
~~is the conclusion. The three goal simplification rules of are

A U (TRUE) I P --> A I P
AU ( FALS E) I P -> ( I I  TRUE
A U ( a A ’V) I P •-> A U ( a , -y) I P

where A is any hypothesis set, and P. a, ‘y are any formulas.

4.5 General Proof Rules

We will use Gentzen’s notation to express many of the general proof rules of N~ . His
notation for the inference rule with conclusion I P and premises A 1 I P1, . .  . . , A 0 I ~~~~~ 

is:

A i I P i~~~ •~~
A n I P n

A l P

The rules of N~ and their justif ications follow: 

__ --
~~
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I. Equality substitution rule. The following expression rewrite rules may be applied to any
goal with a hypothesis set including the formula

•> £2
£2 •> E~

.

Justif icat ion. Immediate from the definition of truth for first—order formulas.

Although these rewrite rules resemble expression simplification rules in form, their
intended use Is different. Simplification rules are designed so they may be applied
universally as part of a simplification procedure. Obviously, the rewrite rules above must
be applied selectively.

2. Trans i-f iv ity of e rule. For any expressions E
~
. £2. E~; any hypothesis set A; and any

formula fi;

A U {E1cE2, E2cE3, E1cE3) I ~
A U (E1cE2. E2cE31 I P

Justification. Immediate from the definition of the function c in M~.

3. Rule of consequence. For every goal A I P and formula a:

A I a, A U j a )  I P
A l P

Justification. Immediate from the definition of truth for first-order formulas.

4. Hypothesis deletion rule. For every goal A I P and formula a:

A~~ Ø
A U f a ) I P

Justification. Immediate from the definition of truth for first—order formulas.

5. Replacement rule. For any expression £. any type T, any formula P. and any hypothesis
set A such that no var iable in £ i s  bound in A (i.e appears bound in an induction
hypothesis)

IL _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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A U (x:T) I P A I £:T
X øXA E I

Justification. Immediate from the definition of truth for first-order formulas.

6. Type split rule. Let T be the union of types T 1, . .  . , T,~. For any hypothesis set A. any

formula P, any expression E:

A u IE : T1) I P, ... . A u f E z T)~ I P. A I £ : 7’

A l P

Justification. An immediate consequence of Corollary 2.2.

7. Formula split rule. For any formula a contain ing no free variables other than those
appearing in the goal A I fi:

A U (a) I P. A U (-‘a) P
A I P

• Justificat ion. Immediate from the definition of truth for first-order formulas.

8. Construction rule. For any formula a, any hypothesis set A , any constructor type c
defined by the construction c(s i: T p~. . . , Sn: Tn)

~ 
and any variables x 1.. . .  , which do

not appear In A or a:

~~~ x ,)~ 
u (x 1 T1,.. . , a0 : Tn) I ~~~ a0)

A U ( x z c) I a

Justification. Immediate from the definition of the constructor type c.

9. Induction rule. Let A I P be any goal with free variables a13. . .  ~~ not occurrin g In any
induction hypotheses of A . Let V be any expression conta ining no free variables other
than those in A I P. and let z

~
,. . . , s , be variab les distinct from all free variables In A I

P. Then:

A u ( 1 )  I ~~ 

-

A J ~~



4.5 General Proof Rules Page 52

where — Yz z (~~*~(~~~ X p U (s X i...X n C $
~~ 

I PX l~~~nIn 1,...,z 2

and A* — f al l  fo r~nv.ias in A, but not the induction hypotheses).

Justification. This rule formalizes complete structural induction on the value of the
ex pression 1 under the well-founded partial ordering c. To demonstrate that thei rule is
valid, we fix the free variables in the goal A I P. Let denote the corresponding value of
the expression V. Since the partial ordering c is well-founded, we may assume the
induction hypothesis I asserting that the goal A I P is true for all values of the expression
V c c~. (In the base case where no such values of the expression V exist, the induction
hypothesis •~ vacuous.) Let x 1 x be all the free variables in the goal A I P such that
X X~ do not appear free in any induction hypotheses, and let z Z~~~ be variables
distinct from the variables of A I P. Then the goal augmented by the assumption I can be
formally ex pressed:

A u f I )  I P

where I . Yzi. ~~ 
Z E A I ~.;

X m U {i~’ i’ ,~’m c 1’) ( P I ~~~m]
I’~ m m l’” ~ m

The induction hypothesis I~ in the rule above is simply an instantiation of I which
eliminates any nested induction hypotheses in I. If there are no induction hypotheses in A ,
then I and I~ are identical. On the other hand, if A contains induction hypotheses s~ 

then the new induction hypothesis I itself will contain induction hypotheses 
~
‘i 

corresponding to the induction hypotheses 
~i ~m in A . If we instantiate variables

Zn+ l  5m which are free within ~l’ , ~~ as ~~~~~ respectively, then the
instantiations of the inner induction hypotheses ~‘ j ,  ...~ ~l’~ are identical to the induction

hypotheses 
~~~j ~m in A. Consequently, the instantiated hypotheses may be eliminated,

making the Instantiated I identical to 1*.

10. Induction instantiation rule. Let Yz1, ... , U fr c 
~ I 8j be an induction hypothesis

in the goal A I P where C . (‘y~,. . . ,.y~); let ~~~~~. . . , 

~~ 
be expressions containing no

variables other than the free variables of A I P; and let ‘y denote the formula A .  . . A

A (v c  ). Then:

- - - _ _ — - _ — --  —- . - --— - - - __ .~~~~~
_ —-—~ _— - -—~~- -- . ___ ~~——---- _ _
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A I 7
Vj~ ..,Y0 A U ~y’1~”i

Yflj I P

A I P

Justificat ion. Immediate from the definit ion of truth for first -order formul as.

Ii. Expansion rule. Let -

fix 1: T1.. . . , x~: T~~ 7’ . s(x1 x,,) -

be a function-definition in P. Then for any goal with a hypothesis set containing the
formulas E t : T 1 E~: T~. we have the expression rewrite rule

f(E1, .... E )  a> V(E1, ... , En).

Justification. Immediate from Theorem 3.

This proof rule is identical in form to an expression simplification rule. However, in
practice it must be applied selectively while simplification rules are applied universally.

l2.Lemma rule. A provable goal 
~ l’ ~~ 

8~j I~ serves as a lemma in following rule. Let ~
denote the formula A ... A 

~k. For any goal A I 6:

A U fy ’) I 6, A I ~
‘. 

~a1, ... ‘1k~ 
I 7

A l P

where 7* and I~ are ident ical to 1 and ~~, respectively, when the free variable s In the
latter terms are replaced by a set of expressions containing no variables other than the free
variables in A I ~~~

.

Justification. Immediate from the definition of truth for first—order formulas.

The most interesting feature of N~ is the power of the induction rule. It allows not only
complete induction on the structure of any variable in an assertion, but complete induction on
the structure of an arbitrary expression. The strength of this rule permits much simpler
correctness proofs of functions with complicated recursive structure such as a function which
sorts by succe ssive merging (see Section 5 3).

- - --— -~~~~~~~~~~~~~~~~~~ —.-  - -~~~~- - -~~~~~~~~~~~~- - -~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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CHAPTER 5

THE IMPLEMENTED VERIFICATION SYSTEM

5.1 Introduction

While a pure natural deduction system like is a great improvement over standard
first—order deduction systems, it is still not a convenient tool for formally proving interesting
theorems about TYPED LISP programs. Proof of non-trivial theorems are too long and
complicated to be feasible without some mechanical assistance. Consequently, I have
developed TLV , an interactive verification system for TYPED LISP (TLV is an acronym for
TYPED LISP Verifier), which helps the user construct proofs. My main design goal in
creating TLV, was to automate as many of the straightforward steps in a proof as
possible——without letting the verifier get trapped in infinite loops or enormous searches in
non-trivial cases. Consequently, TLV requires programmer guidance to prove some theorems
which some other verifiers such as Boyer and Moore’s can prove completely automatIcally.
However, my verifier can prove theorems far beyond the capabilities of completely automatic
verif iers with only a modest amount of direction from the programmer. Furthermore, TLV
terminates within a reasonable amount of time after every user command.

5.2 Structure of the Verifier

The top—level of the verifier is a command Interpreter which accepts instructions from the
user. To verify the program the user first instructs the verifier to read the program from a
specified file. The verifier responds by parsing the program and constructing a semantic
representation (if the program contains no syntax errors) for future use by the verifier. The
verifier also generates a set of lemmas (called syntax lemmas) stating each function in the
program not declared partial always termina tes and returns an object of the proper type.
After the verifier has parsed the program, the user types in the theorems he wants to prove
and any lemmas he expects the proofs to require. At this point, the user Is free to attack the
proofs of theorems and lemmas in any order that he wishes. The verifier keeps track of all
the dependencies (lemmas used In the course of a proof) of each lemma or theorem that he
proves , preventing any circularity. When the user attacks a particular lemma or theorem, the
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verification system dc—activates any lemmas that depend on the selected goal. Furthermore,
the user has the option of dc-activating any lemmas that would otherwise be applied
automatically.

To prove a theorem, the user specifies the major steps in the proof, one at a time, and
the verifier simplifies the new goals generated by each step, reducing many of the new ~~ ‘~
to ) l TRUE. All proofs proceed backwards from the goal to be proved by successivel y
replacing each new subgoal by a set of simpler subgoals until no subgoals remain which do
not simplify to the form I ) I TRUE. Since the verifier is completely interactive, the user has
the option of backing up an arbitrary number of steps within his current proof and trying a
different sequence of proof steps.

There is a very close correspondence between the proof steps available on the verIfier
and the general proof rules of N~ . The maj or difference is that the construction rule and
expansion rule are not an available proof steps; they are automatically applied by the
simplifier. Minor differences are discussed in the TLV User’s Manual, APPENDIX 2.

The heart of’ the verifier is a goal simplifier which performs the following functions:

1. It reduces the current goal by applying the simplification rules of N~ and an optional
collection of rewrite rules (lemmas) provided by the user.

2. It expands function calls when either the expanded expression can be simplified, or the
expanded expression itself is a function—call.

S. If the hypothesis v : T appears in the goal, the simplifier applies the construction rule to
variable v.

Before the simplifier can apply a simplification rule or a rewrite rule, it must verify that all
the type constraints of the rule are satisfied. Consequently, the simplifier includes a type
evaluator which takes an expression ‘V and determines the smallest type containing y given
the goal hypotheses, syntax lemmas, and type rules (lemmas) provided by the user.

User-provided rules can have one of the following forms:

I. A U A’ ) 
~ ~2 (an expression rewrite rule) where all the the free variables in A U (E 2}

occur in A’ U

2. A U At I P~ a> (a formula rewrite rule) where all the the free varial~les in A U (P 2J
occur in A ’ U (PJ ).

3. A U A’ I E :7’ (a type rule) where all the free variables in A occur in A’ U IE).

Formally, user-specified rules are simply statements in N~ employed as lemmas. The symbol
“,“ has no logical significance; it is only syntactic sugar making the directionality of the
statements as rewrite rules clear.
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The simplifier attempts to apply a particular expression or formula rewrite rule by
performing the following pattern-matching procedure.

I. It tries to match the left hand side of the rule’s conclusIon against an expression or
formula ‘y in the current goal. In order for the match to succeed, some substitution instance
of the left hand side of the rule must equal ‘V.

2. If the match in step I is successful, the simplifier applies the matching substitution from
step I to A C and attempts Ic match the transformed hypotheses in A C against hypotheses
of the current goal. In order for the match to succed, some substitution instance of the
transformed hypothesis set A C must be a subset of the current goal’s hypothesis set.

3. If the match in step 2 is successful, the simplifier replaces the variables in the rule’s
hypotheses by their bound values from the matching operation in steps I and 2 and tries
to simplify these hypotheses to TRUE, given all the hypotheses of the current goal.

4. If all the rule’s hypotheses simplify to TRUE, then the rewrite rule is applicable, and the
simplifier replaces the variables In the right hand side t of the rule’s conclusion by their
bound values from the matching operation and substitutes the transformed v for ‘y in the
current goal.

To stmpbf y a goal, the simplifier first simplifies each of the goal’s hypotheses and then
simplifies the tonclusion. If one of the hypotheses simplifies to FALSE or the conclusion
simp lifies to TRUE, the verifier replaces the goal by I I I TRUE. When simplifying a formula
the verifier generally follows a “top—down simplification strategy, applying the outermost
matching rule, since it presumably is the most general applicable transformation. In the
interest of efficiency, this strategy Is not followed in every case.

The type evaluator computes the type of given expression ‘V by matching ‘V against the
current goal’s hypotheses, type rules, and syntax lemmas. To match the expression against a
type rule or syntax lemma, the type evaluator applies essentially the same matching algorithm
described above for the simplifier. If more than one type matches ‘V, the type evaluator
returns the intersection of the matched types as the expression’s type.

5.3 Demonstration of the Verifier

As a demonstation of how the verifier works, let us trace through a “proof of correctness” for
a TYPED LISP program which sorts a linear-list of natural numbers into non-decreasing
order by successive merging. The program appears below:

type list • NIL U cons(car: natnum, cdr. list)
[Com ment: type list Is the set of linear-lists of natura l numbers (natnu ms))

type list_of_ cons a NIL U join(hd: cons, ti: list_of_cons)
[Comment: type list_of_cons Is the set of linear—lists of non—empty lists)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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function drop(l: list): list_of _cons .
list case I of

NIL: NIL
cons: JoIn(cons(car()),NIL), drop(cdr(l)))

[Comment: transforms list I into a linear—list of single—element lists]
function lequal( x : natnum , y: natnum ): boo lean a not [y  c ~ ]declare function pair_ mergeQl: list_of _cons): list_of_cons

[Comment: declar es the function pair_merge so sorti can call I t; the parser cannot handle
forwa rd refe rences]

function sor tl (ll : Join): list •
list_ of_cons c s ,~ tl(II) of

NIL: hd(ll)
Join: sort l(palr_ merge(ll))

[Comment: sorts the natnums contained In the non—empty list_ of _cons 11 Int o
non_decreasin g order]

function sort( l: list ): list a
list case I of

NIL: NIL
cons: sortl(dro p(l))

(Comment: sorts the list I into non—decreasing order]
declare function merge(ll: list. 12: list): list
function pair_merge(II: list_ of_cons) : list_ of_ cons.

list_ of_cons case II of
NIL: NIL
Join: list_of_cons case tl(ll) of

NIL: II
Join: JoIn(merge(hd(lJ) ,hd(tl(l ft )), pair _merg eft l(tI(ll) )))

(Comment: merges successive pairs of iists in the list_ of _cons II]
function merge_cons(ll: cons, 12: cons): cons
function merge(ll: list, 12: list): list a

list case Ii of
NIL: 12
cons: list case 12 of

NIL: Ii
cons: merge_cons~1. 12)

[Comment: merges lists II and 12 into non—decreasing order]
function merge _co ns(l 1: cons . 12: cons ): cons .

if lequal(car( li),car(12)) then cons(car(ll), merge(cdr( Il)j2))
else cons (car(l2), merge(li, cd i(J2)))
(Comment: merges non-empty lists into non-decreasing order]

The TYPED LIGP functions used for the purpose of stating and proving that the function

- - - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~- — — -~~~ -—~~~- -—~~~~-



_ _ _ _ _ _ _ _ _ _  ---

~~

-_

5.3 Demonstration of the Verifier Page 58

sort is correct are defined below:

function Iength(lI: list _of _cons): natnum .
list_ of_cons case II of

NIL: ZERO
Join: suc(lengt h(tl(Il)))

[Comment: determines the number of lists In the list_of _cons Il)
function ordered_cons(l: cons): boolean .

list case cdr(l) of
NJL: TRUE
cons: if lequal(car(l),car(cdr(l))) then ordered_cons(cdr(l))

else FALSE
[Comment: determines whether or not the non-empty list I is non-decreasing]

function ordered(1: list): boolean .
list case I of

NIL: TRUE
cons: ordered_cons(l)

(Comment: determines whether or not the list I t s  non—decreasIng)
function list_ordered(lI: list_of_ cons): boolean .

list _of _cons case II of
NIL: TRUE
Jo in: if ordered _cons (hd( ll)) then list_ord ered(t l(ll ))

else FALSE
[Comment: determines whether or not every list In the list _of_ cons Il ls non—decreasing]

function deIete(n: natnum, I: list) : list a
list case I of

NIL: NIL
cons: if n equals car(I) then cdr(l) else cons(car(l), delete(n,cdr(l)))

[Comment: deletes the natnum n fro m list I)
function member(n: natnum, I: list) : boolean a

list case I of
NIL: FALSE
cons: if n equals car(l) then TRUE

else member(n,cdr(l))
(Comment: determines whether or not natnum n is a member of list I]

function perm utation(l I: list , 12: list) : boolean a
list case Ii of

NIL: 12 equals NIL
cons: if member(car(l1),l2) then permutation(cdr(I l), delete(car(ll),12))

else FALSE
(Comment: determines whether or not list I l ls a permutation of list 12)

function append(ll: list, 12: list): list .

. - -. -.

~

- - . - -

~
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list case Ii of
NIL: 12
cons: cons(car(ll), append(cdr( Il)j2))

[Comment: appends list 12 to the end of list Ii]
function llst _append(l: list _of _cons ): list .

list_ of_cons case I of
NIL: NIL
Join: append(hd(l), Iist _ append(tl(I)))

[Comment: appends together all the lists in I Into a single list]
function Iist _permu tat lon( li : list _ of _cons , 12: list _of _cons ): boolean a

permut at ion(Iist _append(Il), Ilst _append(12))
[Com ment: determines whether or not t.~e linear—lists of natnums associated with
list_of_cons II and 12 are p ermutations of each other]

The theorems we must prove to establ ish the correctness of sort are

t heorem •l x : list
I- ordered(sort(x))

theorem s2 x: list
~
- permutat ion(sort( x ),x ) :

In this section we present the interesting sections of the Verifier ’s proof of theorem • I; the
com plete correctness proof appears in APPENDIX I. After the verifier parses the program,
it generates the following syntax lemmas asserting that each function In the program is total
and returns a value of the proper type

(.1] 1: list

~
- drop(l ): list _of _cons

1.2] x: natnum ,y : natnum
I- lequal(x,y): boolean

(.3) Il: list _of _cons
I- pair_merge(lI): list_of_ cons

(-4) 11: Jo in
I- sortl(ll): list

(.5) 1: list
I- sort(l: list) : list
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(-6] II: cons ,l2: cons
I- merge_cons(li: consj2: cons) : cons

(.7] II: list ,12: list
I- merge(ll: llst ,12: list ): list

(-8] Il: list_of_cons
I- length(1I): natnum

[.9] 1: cons
I- ordered_cons(I): boolean

[.10] I: list
j - order ed(l): boo lean

[-11) II: list _of _cons

I- list_ordered(ll): boolean

[-12] n: natnum ,I: list
I- delete(nj) : list

[-13] II: list ,12: list
I- permutat ion(ll,l2): boolean

[.14) 11: Iist ,12: list
~
- append(l1,12): list

[.15] I: list _ of_cons
I- list _append O): list

(.16) Ii: list_ of_cons,12: list_of_cons

~
- list _permut it ion (ll .i2): boole an

The proofs of all the termination lemmas except for —4 (the termination of the function sort I)
are very easy and are omitted from this paper. However, since sorti uses a non—trivial
recursion scheme, the proof of -4 is slightly more complex , requiring the following lemmas
(automatically Invoked by the simplifier):

rule .1 y: Jo in
‘I suc(ZERO)clength(y)
~
- Iength(pair_ merge(y))clength(y).>TRUE

L - - - -
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rule +2 II: Jo in
I. pair_merge(lI) : Join

We omit the proofs of + I and +2; both are easy. The proof of -4 relative to + I and +2
appears below:

User command: prove -4
[Comment: this command sets up -4 as the initial goal to be proved )

Verifier response: PROVING .4
II: Jo in
~
- sort l(ll): list

User command: induct Iength(ll)
[Comment: this command applIes induction on the structure of the value of length(ll))

Verifier response: NEW GOALS:

[1] II: Join
II: Iength(l fl : ZER O
&I (II’: join

length( Il’)clen gth (ll )
I— sorti(lI’): list]

I- sort l(Il): list

SIMPLIFIES TO:

I- TRUE

[2] Il: Jo in
RI: Iength(l I): suc
id [II’: join

length(ll’)clength( ll)
I- so.iI(Il’) : list]

I- sortl(ll): list

SIMPLIFI ES TO:

lI.hd.car: natnum ,lI.hd.cdr : list ,lI.tl: list _ of _cons
Sc! (II’: join

length(Il’)c length(ll)

_ _ _ _ _  _ _
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J. sort l(ll’) : list)
I- sort l(Join(cons(ll .hd.car .li hd.cdr),ll.tI)): list

1 COALS REMAIN TO SE PROVED

The formula labeled & u s  the generated induction hypothesis; all the primed variables in an
induction hypothesis are implicitly universally quantified over the scope of the hypothesis.
The simplifier easily reduces the first goal (the base step of the induction) to I- TRUE since H:
join implies Iength(ll): suc. In the second goal (the Induction step), the simplifier exploits the
fact that II: Join by creating new variables ll.hd.car, Il.hd.cdr, and ll.tl and replacing every
occurrence of II by Jo in(cons( ll.hd.car,Il.hd.cdr), ll.t l).

User command: type Jl.tl
(Comment: this command performs a case split on the type of the variable Il.tI)

Verifier response NEW COALS:

(1] Il.hd.car: natnum, ll.hd.cdr: list , ll.t l: list _of _ cons
.1 ll.tl : NIL
SI (II’: join

lengt h(ll’ )clength( ll)

~
- sort l(ll ’): list]

)- sor ti (Join(cons(ll.hd.ca r,lflid.cdr), ll.tfl ): list

SIMPLIFIES TO:

~- TRUE

[2] ll.hd.car: natnum , ll.hd.cdr: list, lI.tl: list _of_cons
RI ll.tI: Join
SI [II’: Join

Iength( II’)clength (ll)
~
- sort l(lI’): list]

~
. sortl(Join(cons(Il.hd.carj l.hd.cdr),ll.tl)): list

SIMPLIFIES TO:

I- TRU E

LEMMA -4 PROVED RELATIVE TO ASSERTIONS: .1 .2
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To reduce the second new goal to )- TRUE, the verifier must apply rule + I, rule +2, the
induction hypothesis , and termination lemmas -3 and -7 (which the verifier already knows
are tru e).

The proof of the main theorem decomposes into three stages. For the fir st stage we
need the following lemma:

rule .3 y : jo in
.1 list _ ordered(y)
l- ordere d(so rt l(y))” >TR U E

We will prove ÷3 as the second stage In the proof of theorem .1. The first stage of the proof
proceeds as follows:

User command: prove ol

Verifier response: PROVING ol
x: list
I. ordered(sort(x))

User command: type x
[Comment: this command does a case split on the type of xl

Verifier response: NEW COALS:
[1) x: list

01 x : NIL
F ordered(sort( x))

SIMPLIFIES TO:

)- TRUE

[2] x : list
.1 x : cons
F ordered(sort(x))

SIMPLIFIES TO:

x.cdr: list, x.car: natnum
F ordered(sorti(join(cons(,c.car,N JL),drop(x.cdr))))

I COALS REMAIN TO BE PROVED 

-~~~~~~~ -- ---
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User command: consequence list _ordered(jo in(cons(x.car,NIL),drop(x.cdr)))
[Comment: this command applies the rule of consequence using the specified formula)

Verifier response: NEW GOALS:

(1) x.cdr: list , x.car: natnum
ii list _ordered(join(cons(x.car,NIL),drop(x.edr)))
I- ordered(sortl(Join(cons(x.car,NIL),drop(x edr))))

SIMPLIFIES TO:

F TRUE

(2] x.cdr: list , x.car: natnum
F Iist_ ordered(Join(cons(x.car,NJL),drop(x.edr)))

SIMPLIFIES TO:

x.cdr: list ,x.c ar: natnum
F list _ ordered(drop(x .cdr))

I COALS REMAIN TO RE PROVED

User command: induct x.cdr
(Comment: this command applies Induction on the structure of x.cdr)

Verifier response NEW COALS:

[1) x.cdr: list, x .car: natnum
Il x .cdr: NIL
SI (x.cdr ’: list ,x.car’: natnum

.1 x. cd r ’ex. cd r
I- Hst _ordered(drop(x .cdr’)) TRUE)

I- list _ ordered(drop(x.cdr))

SIMPLIFIES TO:

F TRUE

(2] x.cdr: list, x.car . natnu ni
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ul ,tc dr: cons
Sc! (x.cdr ’: list ,x.car’: natnum

.1 x. cdr ’cx .cdr
F It st _ordered(drop(x .cdr ’))u)TRU E]

I- list . ordered(drop(x.cdr))

SIMPLIFIES TO:

I- TRUE

PROOF OF ol RELATIVE TO THE ASSERTIONS: .3

The proof of 4 d~1’~’nds on the following lemmas:

rule .4 n .pred : n a tn un i

I- 7FR ~~— ’ ’,~ ‘~ i pred~

rule +5 y: list o1
RI list orderetl(y)
1- Ii 1 .orderc’d~pair _ vu erge(y)).>TRUE

rule .6 p: boolean. x : boolean
I- if p then else FALSE a> p A

Since the proofs of +4 and +6 are very easy, they are omitted. The proof of +5 will comprise
the third and final stage of the proof. The second stage of the proof is:

User command: prove +3

Verifier response: PROVING .3
y: Jotn
RI lisLordered(y)
F ord ered(sort l(y))

User command: induct length(y)
(Comment: this command applies induction on the structure of Jength(y))

Verifier response: NEW GOALS:

(I) y : join
‘I length(y ): ZERO
02 lisLordered(y)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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Si (y ’: join
SI length(y ’)elength (y )
.2 list _ ordered(y’)
F ordered(sortl(y’))’.>TRUE]

I- ordered(sortl(y))

SIMPLIFIES TO:

I- TRUE

[23 y : join
UI length(y): suc
‘2 list_ordered(y)
Si [y ’: join

01 length(y’)clength(y)
‘2 list_ ordered(y’)
F ordered(sortl(y’))”>TRUE]

I- ordered(sortl(y))

SIMPLIFIES TO:

y.tI: list_ of _cons, y.hd.cdr: list, y.hd.car: natnum
•1 ordered_cons(cons(y.hd.car,y.hd.cdr))
‘2 Iist_ordered(y.tl)
SI [y ’: join

01 length(y ’)clength (Jo in(cons(y.hd.car,y.hd.cdr),y.t l))
‘2 list _ordered(y’)
F ordered(sortl(y’))ii>TR UEJ

I- ordered(sortl(join(cons(y.hd.car,y.hd.cdr),y.tl)))

1 COALS REMAIN TO RE PROVED

User command: type y .t l
[Comment: this command does a case split on the type of y.tI)

Verifier response NEW COALS:
(1] y.tI: list_of_cons, y.hd.cdr: list, y.hd.can natnum

UI y .tl : NIL
02 ordered_cons(cons(y.hd.car,y.hd.cdr))
03 Iist_ordered(y.tl)
Si [y ’: Jo in

•1 length(y ~clength (Jo in(cons(y.hd.car,y .hd.cdr),y.t l))

- -~~~~~~~~~~~~~~~~~~~~~ . , ., - 
-
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‘2 list _ ordered(y’)
F ordered(sortl(y’)) TRUE]

F ordered(sortl(Join(cons(y.hd.car,y.hd.cdr),y.tl)))

SIMPLIFIES TO:

I- TRUE

(2) y.tl: list_ of_ cons, y.hd.cdr: list, y.hd.cari natnum
‘I y.tI: join
a2 ordered_ cons(cons(y.hd.car,y.hd.cdr))
‘3 list _ ord ered(y .t I)
SI (y ’: join

RI length (y ’)clength( j o in(con s(y.hd .car,y .hd .cdr ),y .t l))
‘2 list _ ordered(y’)
F ordered(sortl(y ’))”>TRUE]

I- ord ered(sor tl (joi n(con s(y .hd .car,y .hd.cdr ),y.tl )))

SIMPLIFIES TO:

I- TRUE

PROOF OF .3 RELATIVE TO THE ASSERTIONS: .1 .2 .5

The final sta ge of the proof of theorem .1 presented in this demonstration is the proof of’ +5.
For this portion of the proof, we need the following lemma about merge_cons:

ru le .7 x l: cons . x 2: cons
ii ordered_cons(x I)
•2 ordered _ cons (x 2)
F orde red _ co ns(merge_co ns(x 1,x 2))

The proof of +5 follows:

User command: prove +5

Verifier respon se: PROVING .5
y: list_of_cons
UI list_ordered(y)
F list _ordered(pair_merg e(y)).TRUE

User command: induct y

—.- -~~~~~~-—- -.--—--_ 
---- - - -- - - .-
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[Comment this command applies induction on the structure of y]

Verlfer respons e NEW COALS:

(1) y: list _of _cons
Si y: NIL
‘2 list_ ordered(y )
SI [y ’: list _of_ cons

‘1 y ’cy
‘2 list_ ordered(y’)
F list_ordered(pair_merge(y’))ui>TRUE]

F list _ordere d(pair _ merge(y))uTRUE

SIMPLIFiES TO:

F TRU E

[2] y: list _of _cons
.1 y: join
‘2 list_ ordered(y)
Si (y ’: list _of _cons

01 y’cy
‘2 list _ ordered(y’)
F list _ ordered(pair_merge(y’)).>TRUE]

F Iist_order ed(pa ir_merge(y ))

SIMPLIFIES TO:

y.tl: list_of_cons, y.hd.cdr: list, y.hd.can natnum
‘1 ordere d_cons(cons( y.hd.car,y.hd.cdr))
‘2 llst_order ed(y .tl )
SI [y ’: list _ of _cons

‘1 y ’cJo in(cons (y.hd.car,y.hd.cdr),y .t l)
‘2 llst_ordered(y ’)
F list_ordered(pair_merge(y’)).>TRUE)

F list_ ordered(
list _of_ cons case of y .t~NIL: Jo in(cons(y.hd.car,y.hd.cdr),y .t l)
Jo in: Join(merge(cons(y.hd.car,y.hd.cdr),hd(y.tl)),

pair_ merge(tI(y.t I))))

~1 COALS REMAIN TO BE PROVED
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User command: type y .tJ
(Comment: th is command does a case split on the type of y.t I]

Verifier response NEW COALS:

[I)
y.t I: list _of_cons , y.hd.cdr : list, y.hd.can nitnum
‘1 y.t l : NIL
‘2 ordered _cons( cons(y .hd.car,y.hd.cij r))
.3 list _orde red(y.tl)
SI (y ’: list _of _ cons
‘I y ’cjoin(con s(y.hd.car,y.hd.cdr), y.tl)
‘2 list_ordered(y’)
F tist _ordered(pair_merge(y’))u.>TRUEJ

g- list _ordered(
list _of _cons case of y.t I

N IL: Jo in(co ns(y.hd.car,y.hd.edr ),y.II)
join: join(merge(con5(y.hd.car,y.hd.c~1r~~ (y,t~)),

pair_merge(tI(y.tl))))

SIMPLIFIES TO:

F TRUE

[2] y.tI: list _of _cons, y.hd.cdr : list, y.hd.car natnum
‘I y.tI: j oin
‘2 orde red_ cons( cons(y.hd.car,y.hd.edr ))
•3 Iist _ordere d(y.t l)
51 (y ’: list _of _cons

.1 y ’cjoin(cons (y.hd.car,y.hd .cdr),y.tl)

.2 Iist _ordered(y’)
F list_ordered(pa ir_merge(y ’)).,Tg UEJ

F iist_ordered (
list _of _ cons case of y .t l
NIL: Jo in(cons(y.hd.car,y.hd.cdr),y,fl )

Jo in: Jo In(me ge(cons(y.hd,ca, ,y i,d.c ) JuJ (y .t1)),
pair_merge(tI(y.tl))))

SIMPLIFIES TO:

I- TRUE
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PROOF OF .5 RELATIVE TO THE ASSERTIONS: .7

5.4 Capabilities of the Verification System

The samp le theorems proved in the previous example are typical of the theorems which the
TLV verifIer can prove with a reasonable amount of programmer guidance. Among the
other theorems I have proved using the verif ier are: the termination of a program
implementing a unification algorithm (assuming all variables have been renamed), the
equivalence of an iterative algorithm (using a stack) and a simple recursive algorIthm for
counting the leaves of a binary tree, the total correctness of an extended version (including
assignment) of the McCarthy-Painter compiler for arithmetic expressions (McCarthy and
Painter 1967], and the total correctness of a very simple set of data base management
functions. An extensive set of examples appears in APPENDIX I.
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CHAPTER 6

FURTHER WORK

6.1 Improving the verification system

While the TYPED LISP Verifier Is capable of proving many moderately hard theorems with
relative little user guidance, it has many deficiencies. In man y cases, the current
implementation places too large a burden on the user. Proving a theorem about a non—trivial
TYPED LISP often requires proving a multitude of trivial lemmas (particularly syntax
lemmas) which could be proven completely automatIcally. In the TYPED LISP verification
system, however, the user must manually prove every single trivial lemma (or accept it on
faith ). Alt hough the proofs involved ace very short--usually only one or two steps——it is
annoying for the user to have to worry about proving trivial lemmas at all. Cons&quently, the
system would be enhanced by the addition of a fast automatic theorem prover which would
attempt to prove——within a designated time limit--all of the syntax lemmas and any other
lemmas or theorems designated by the user. While many simple theorems inevitably would
stump the automatic prover, many would be proved without requiring any user attention.

Another aspect of the verification system which could be significantly Improved is the
goal simplifier. Frequently, the simplifier fails to simplify a goal to TRUE because it expands
a function call too soon, preventIng a rule match. Following a strict top—down simplification
strategy tends to minimize this problem—-but at the prohibitive cost of’ exceedingly slow
execution. Even when following a faster, less effective simplification strategy the simplifier
runs very slowly. In the course of simplifying a goal, the simplifier continually repeats
simplificatlons and type computations it has already performed-—executing the same laborious
pattern matches each time. A hashed representation for formulas and expressions would
solve this problem. With hashed representations, the simplifier could build tables storing the
simplified form or computed type for an express ion after determining it once. Subsequent
attempts to simplify an expression or compute its type would find the answer stored in the
table. Unfortunately, the language in which the verIfier Is implemented, UCI LISP, has no
convenient hashed representation for formulas or expressions.

~
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6.2 Proving Theorems About Partial Functions

At this point in time, none of the theorems proved on the verifier involve partial functions.
As I argued In Section 3.3, partial functions aren’t necessary for most practical programming
app lications. But there are impo rtant exceptions. For examp le, provin g the correctness of a
compiler for a universal language (in the sense of Church’s Thesis), is a significant practical
application requiring the use of partial functions. The interpreters defining the semantics of
the source and target languages cannot be expressed as total functions on recursive types. In
order to prove interesting theorems about partial functions in the deductive system, the partial
function definitions must have unique least call—by—value fixed—points. If the definitions are
written so the partial functions compute entire computation sequences rather than single
values , then the y will have a unique least fixed-point. I hope to use this approach to prove
the correctness of a compiler for a simple procedural language including arithmetic
expressions, assignment, and while-loops.

6.3 Extending TYPED LISP

LISP, in all its current incarnations, is a seriously flawed language for verification purposes.
In contrast to PURE LISP and TYPED LISP, the implemented versions of LISP have

intractable semantics because they include numerous features designed to make the language
more comprehensive and efficient. On the other hand, neither PURE LISP or TYPED LISP
is a suitable language for most symbolic computing applications. They are too restrictive.
There is a glaring need for a variant of LISP which includes enough practical features for
most symbolic computing applications (such as program verification systems), yet excludes
constructs wit h unmanageable semantics. I think TYPED LISP would make an excellent
starting point for such a language. As I pointed out in Section 1.3, user-defined data types
can significantly simplify the task of writing and verifying programs which manipulate
symbolic data. I would like to see an extended version of TYPED LISP imp lemented ,
including the following features not present in the current TYPED LISP language
I. Inputloutput operations.
2. Global variables.
3. Table functions (equivalent to attaching properties to arbitrary data objects).
4. Data type definitions creating types which are unions of all defined types fitting a

particular scheme (permItting, for exam ple, a sin gle append function for data types which
have the form of a list).

5. Data type definitions creating types which are arbitrary recursive subsets of defined types.
6. Some means for conveniently treating programs as data.

_  ---_
~~-~~~~~~~~~~~~ ~~~~~~~~~~--- - -__ - ..
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APPENDIX I

SAMPLE PROOFS

A 1.1 Example I: Iterative REVERSE

pi’ogram r.vl;

yp. list s N~I. U COflS( CSr I ~ to U , cd,’i l ist)

function •pp (xs li st , yi list ), li s t I
list cas. x of

NILt y

cons, cons (car(x) ,app(cdr (x) ,y ))

function r,vl (x, list , y t list ) , list •
list ci.. x of
NIL , v
cons, r.vl (cdr (x),cons(car (x),y ))

function r,v(x, lIs t ); list • revl (x ,NI L )

THE FOLLOMING SYNTAX LEIVIRS HAVE BEEN GENE RA TED BY THE PARSE!~
f—l i
xi I ist ,yi I st
I— a~ (x ,y ) ; llst ~

1—2 1
xi  I lst ,y, l ist
~

— r.vl (s ,y ) i l l s t ~

1—3 )
xi list
~ — rsv(~~) I lis t;

these.. Si

xi Us

~
— r.v(r.v(x)).x;

THEOREfl 1 ACCEPTED

ui. .1
xii lst ,yt list
I— r.vl (rsvl (x ,y),NIL).w’.vl(y, x)1

.1 RCCEPTE D
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prov. sit

PROVING .1
xi list
I— r.v(r.v(x)).x

CURRENT COAL ,

(11
xi list
~

— rs v ( r s v (x ) ) .x

SIMPLIFIES TO.

TRUE
PROOF OF .1 RELATIVE TO THE ASSERTIONS ;
.1

UNPROVED RULESs .1
UNPROVED SYNTAX LEPIftAS; —3 —2 —i

q.d

provs +1;

PR OVING .1
xi Ii st ,yi list
~

— r.vl (r.vl(x,y) ,NIL)e,.rsvl(y,x)

Induct x

NE U GOALS.

111
xi list ,y. li st
Cl x ; NIl.
Ii Ex ’;ll st ,y ’;Ii s t

Il x ’ C X

~
— r.vl (r.vi(x ’,y’),N1L).~r.c.v1(y’,x ’)I

~
— r.vl (rsv l (x ,y) ,NIL).rsvl (y, x)

SIMPLIFIES TO;

TRUE

(21
x i i  lst ,y; l ist
Cl x cons
£1 Ix’;l ist ,y’iIisI

Ci x ’ C x
~

— e.v1(rsvl(x ’,y ’),NILh~’r.v1(y ’,x ’)1
I— r.vi(r.vl(x ,y),NIL).rsvlfy ,x)

SIMPLIFIES TO;

TRUE
PROOF OF .1
UNPROVED SYNTAX LEMMAS; —3 —2 — 1

q.d

prove 
~~l

PROVING —l

_ _ _ _ _  -.---- ~~~- — — -— - - — .
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x i i  ls t ,y. list
I— app (x ,y ) ; li st

induct xi

NEW GOALS .

Ii,
xi i  is ,y, i lit
Si x ; NIL
51 tx ’.ii st ,y ’;li ut

51 x ’ C x
I— app (x ’,y ’) • l ist )

~
— app (x ,y) . li st

SIMPLIFIES TO.

TRUE

(2)
xi iis t ,y. list
Si x I C0fl 5
*1 Cx ’i li s t  ,y ’ ; l i s t

51 x’ c x
~

— •pp(x ’,y’) t lIst )

~
— •pp(x ,y) ; l i s t

SIMPLIFIES TO;

TRUE
PROOF oc -i
UNPROVED SYNTAX LEMMAS. —3 —2

q.d;

pro ve —2 ;

PROVING -2
x i i  lst ,y. list
~

— rsvl (x,g) ; h i t

Induct x l

NE W GOA LS;

(11
x i i  Ist ,y. l i s t
Si x z N I L
41 Ix ’ .1 is ,y ’ list

SI x ’ c x
~

— revl (x’,y ’) • h it)

~
— rsvi (ic ,y) i li s t

SIMPLIFIES TO;

TRUE

(2)
x ii i s t ,y ; ii.
51 x • cons
Ii Cx ’itl s t ,y ’s l l s t

51 x ’ c x

- - - - - - — - -~~~-.
- -

~~~~~~~~~~~~~~~~~~ —~~~~~~~~ ~~~~~~~~~
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~
— r.v i (x ’ ,y ’ ) l i s t )

~
— r.v i (x ,y ) • l i s t

SIMPLIFIES TO.

TRUE
PROOF OF —2
UNPROVED SYNTAX LEMMAS ; -3

q.di

pr3v. — 31

PROVING —3
x i i i ,

~
— rsv(x) • i i , ;

CURRENT COAL ;

(11
x ; I  st

r sv (x )  • l i s t

SIMPLIFIES TO,

TRUE
PROOF OF —3

q.d

A 1.2 Example 2: Total correctness of FLATTEN

program n f  l it ;

ty pe t es s . atom U Join (i.f t ; trss , ri ght: tree)
t yp. i I s ~ . N IL U coni tca r ; atom , cdr ; list)

function f is t _ f i.t 1(t .  tess , Ii lis t); list s
t es s cass t of

atom ; con s(t ,l)
Jo in; fa,t_ f ia tl (isf t (i) , fas t _ f lat . (rlght(t) , I))

fu’~ct i~~~ fas t _ f ia t (t; tess). list s fast _ f la ti( t ,MIL )
fi ~ c t l o : ,  app snd(t I. list , 12; list); list

l i s t  case I l  of
NIL. 12
cons; cons (car (ll) ,appsnd(cdr(hI) ,12))

function sl ew _ f i a t ( t ,  tr .s ); list s
tess call t o~

ato*; cons(t ,NIL)
J oin . •pp .nd (sl ow _ f l a t ( i s f t ( t ) ) ,slow _ f i at ( r igh t ( t ) ) )

N

THE FOLLOW ING SYNTAX LEMMAS HAVE BEEN GENERATED SY THE PARSER,

I—i )
t , tree , ii list

~
— fast _ f lat i (t ,l) ; l Is t 1

1—2 1
ti trs.
I — fast _ f l i lt) • lii i

(—3)
1 1.11.1 , i2t list

~
— app.nd(ll,l2) • list;
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(—4 )
t; rI.

~
— slow _ f iat( t ) • list ;

pro ve —1;

PROVING — i
I; re. , iii lit

~
— fast _ f lat i (t , I ) . list

I nduc t ft

NEW GOALS ;

(13
t , t rs ., 1. 1 s t
51 t i atom
41 t t ’;trs.,I’ ,iis t

51 t ’ c t

~
— fas t _ ti at l( t ’,l’) i l ist )

~
— fas t _ f ha t i (t , I) . his ~

SIMPLIFIES TO.

TRUE

(2)
t ; trs., l~ l i t

51 I • )o)n
41 t t ’ ;trs.,l’ ; i I s t

Si t ’ C t
I —  f a s t _ f Iat i ( t ’ , l’ ) ; l i s t )

~
— fast _ f Ia t l (t , I) • l i s t

SIMPLIFIES TO;

TRUE
PROOF OF -I
UNPROVED SYNTAX LEMMAS , —4 —3 —2

q.d ;

prove — 2i

PROVING —2
titese

~
— fast _ f h i l t) ; list

NEW GOALS,

(1)
t , trss

~
— fast _ f a lt) ; list

SI MPLIFIES TO,

TRUE
PROOF OF -2
UNPROVED SYNTAX LEMMAS ; —4 —3
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qed;

prov l -3;

PROVING -3
ii , l i s t , 12 . l i , .t
~

— append (I1,l~ ) ; l ist

i nduc t  l ii

NEW COALS.

(1)
1 1 . 1 s t , 12: 1 s t
Si ii ; N I L
£1 ( i i ’ , l i s t , 12’ ; l i s t

Si ii’ C Ii
~

— app .nd( l1’ , 12’ ) ; list)
( —  app .nd(hl ,i2) ; lIst

SIMPLIFIES TO.

TRUE

(2)
ii , list , i 2 ;ii st
SI II • cons
41 (I I ’ . l i s t , 2’ ; I Is

Si Ii’ c II
~

— app s nd(h1 ’ , i2’) ; l i s t )
append (li , 12 • l is t

SIMPLIFIE S TO;

TRUE
PROOF OF —3
UNPROVED SYNTAX LEMMAS; —4

q.d;

prove -4~
PROVING -4
t itr..
~

— slow _ f Iat (t) ; li st

induct II

NEW GOALS;

(ii
I; tree
Si t . atom
41 (t ’ i lr.s

51 t’ c t

~
— slow _ f ha t(t ’) ; li st)

~
— slow _ f Iat (t) . list

SIMPLIFIES TO,
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TRUE

(23
ft tree
Si t ; Join
41 ( ‘ i re.

Si t ’ C t
I— slow _ f la t (t ’) , l is t )

I — slow _ f la t ( t )  ; list

SIMPLIFIES TO;

TRUE
PROOF OF .4

q.d

theorsm si
t i re.
~

— fast _ f lat (t).sIow _ f ti lt ) 1

ThEOREM £ ACCEPTED

ruls .1
I. e.. , I; l ist
I— fast _f lati( t ,i).>appsndlslow_ flat (t ) ,l) l

+1 ACCEP TED

prove +1;

PROVING .1
t i e.., I; l i s t
J — fast _ f la t i ( t , i).~.apgi.nd (s low _ f i a t ( t ) , I)

induc t t .1

NEW GOALS.

(1)
t ,t r s s , I, l ist
51 t i atom
41 t t ’ . t res , i ’ ; I I s t

Si I’ C t

~
— fas t _ f l a t l(t ’ , I’).,iPpend(.lOM_f l at ( t ’ ) , l ’ ))

I— fas t _f Iati(t ,l).ap,end(sIow_f la t( t ) ,I)

SIMPLIFIES TO;

TRUE

12)
f .  te l., 1.1 st
ii t ; Join
41 It ’ ; tr.e , i ’ . I l s t

Si t ’  C t
~ —. fa s t _ f ia t l(t ’ ,t’).~.app.fId(PIew_ f la t ( t 9,l’))

~
— fast _ f iaIl(t , I).app~nd(slew_ f iat (t) ,I)

SIMPLIFIES TO;

t .r lqft t . tree , t . i ~ f t ; t ree , l i i l s t
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41 (t ’i tr..,i’ ;li st
Si t ’ c join (t.i .ft ,t .rlgh t )
I— fast _ f iat i (t ’, l’).>appsnd (slow _ f iat( t ’),i’)J

~
— app.nd (sIow _ f lit It. if t) ,appsnd (siow _ f lat(t .riqlit),l))xappend(app.nd (

slow .f lat It. l.ft) ,slow _ fh at(t righ t)) ,l)
1 GOALS REMAIN TO BE PROVED

CURRENT GOAL.
.r 1gb :  t ree , t . s i t ;  tre s , I, l Is t

11 It’ ;trs., l’ i list
51 I ’ c Join( t. i.ft ,t.right)
I— f as t _ f Iat l (t ’ , i ’) .>appsnd ls iow _f i a t (t ’ ) , i ’ ) I

I— app.nd(slow _ f I a t ( t . I s f t ) ,app.nd(slow_f lat (t . r lgMt ) ,l)).app.nd(app.nd (
s low _ f 1st It. Iii t ) ,s low _ f 1st (t.r Ight) ) , I)

I-uI. .2
xi I ist ,y ; I is t ,z. list
I— app.nd (app .nd(x ,y),z).>appsnd(x,app.nd (y, z))I

+2 ACCEPTED

CURRENT GOAL ;

(LI
t .riqilt : tre s , I. l e f t :  tr 5~~, Iii lit
£1 (t’ ;t r.s,i’ ;ll st

Si t ’ c jo in (t .h . lt ,t r i ght )
I— f ast _ f ta l l (t’ , l’). appsnd(s iow _ f lat it ’) , I’))

~
— app.nd( siow _ f l a t( t .l .ft ) ,appsnd (slow _ fl at(t .rl gttt) ,l)).append(append (

slow _ f lit It. sf t ) , siow _ f Iat ( t . r lgh t ) ) , I)

SiMPLIF IES TO:

TRUE
PROOF OF .1 RELATIVE TO THE ASSERTIONS ;
+2

UNPROVE D THEOREMS. .1
UNPROVED RULES; +2

qed ;

prov. .i l

PROVING .i
l it re.
I— fast _ f Ia t ( t ) . s l o w _ f i a t ( t )

CURRENT GOAL i

(1)
t; Irs.
I— fast _ f l s t ( t ) . s i o w _ f l a t ( t )

SIMPLIFIES TOi

I; re.
~

— app .nd(slosi _ f l at W ,NIL) .,Iow_ lI at It )
1 GOALS REMAIN TO BE PROVED

CURRENT GOAL .
t i es.
~

— app.nd(siow _f ia t ( t ) ,NIL).slow _f la t lt )

ruls .3

_ _ _ _ _ _ _ _ _ _ _ _  —4_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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xi list
~ - apçi.nd (x,NIL). xl

.3 ACCEPTED

CURRENT GOAL.

(ii
t. tree

~
— appsnd (slow_ f Iat(t ) ,NIL).slow_ f li lt)

SIMPLIFIE S TO;

TRUE
PROOF OF .1 RELATI VE TO THE ASSERTIONS;
.3 .2

UNPROVED RUlES. .3 .2

qsd ;

prove .2;

PROVING .2
x i i  ist ,y; l lst ,i; list
~

— app.nd(app.nd(x ,y) ,z). app.nd(x ,appsnd (y ,z))

induc t x l

NEW GOALS.

(ii
xi I ist ,y; I is t ,z; I li t
Si x • NIL
41 tx ’ili st ,y ’il i st ,z’.II st

51 x ’ ~ x
~

— appsnd(appsnd(x ’,y’) ,z ’).app.nd(x ’,app.nd(y’,z ’)) s~ TRUE)
~

— appsnd(appsnd(x ,y) ,z)uapp.ndlx,app.nd(y,z))

SIMPLIF IES TO;

TRUE

(21
xi I is t ,y. I is t ,z; l is t
Si x i cons
41 Cx ’ ; I is t ,y ’ ; list ,,’ i l i st

Si x ’ C x
l~ appsnd (appsndlx ’,y ’),z’).app.nd(x’,apprtd qg’,,’ )) s TRUE)

~
— aPpend(appsndlx ,y) ,s).app.nd(x,append(g,z))

SIMPL IFIES TO;

TRUE
PROOF OF .2
UNPROVED RULES. .3

“dl

prove 43)

PROVING .3
silist
I— app.nd(x,NIL)a,x

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~
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induct x 41

NEW GOI1LSi

(1)
xi l ist
51 x ; NIL
£1 f x’;lls t

51 x ’ ~ x
~

— append(x ’,NIL).>x’J
~

— appsrid(x ,NIL).x

SIMPLIFIES TOi

TRUE

(2)
x i i  let
Si x i Cons
41 Cx ’ . I i s t

Si x ’ C X

j— append ix ’ ,NIL)x>x ’3

~
— append(x ,NIL).x

SIMPLIFIES TO.

TRUE
PROOF OF .3

q.d;

A 1.5 Example 5: Total Correctness of Sorting by Merging

program sortil

typs l i s t  • NIL U cons(car.natnu.,cdr ;Ilst)
type list _of _cons . NIL U Joln (hd;cons,t h.Ilst _of _cons)

- function drop (I ; I i s t ) , h l s t _of _eons s
list cas. I of
NIL; NIL
cons. Joln (cons (carll ) ,NIL) ,droplcdr (i)))

d.c lar. function l.qual(x.na tnu.,y.natnia).boc san
function ord.red_cons (t. cons ),boo lean s

list cas. cdr(l) of
NIL. TRUE
cons. If Isqua l (csr (l) ,car(cdr(I))) then .rdered _cons(cdrll))

els e FALSE
functIon ord.r.d (I.IIst).bool.an s

l i s t  cas. I of
NIL ; TRUE
cons ordered _cons II )

f unction I ist _ord.r.d(ll;llst _of _cons);boolsan s
lis t _of _cons cas. II of
NIL. TRUE
Joini If ord.red_cons(hd(ll)) then ilst _o,-d.r.d(tl(II))

eli. FALSE
dec l ar. function pair _perge (Ih ;IIst _of _con.);Ilst.of _eone
function so rtl(II ,Joln ) ;list s

list _of _cons cas. t l (II ) of
NIL. hd (ll )
J oin. sot -t i(pal r _Usrge (ll ))

function so. - t ( l i i l s t ) i l l s t  s
list cue I of 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , — -- - ~~~~~~~ ---.- --
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NIL: NIL
cons. sortl (drop(I ))

function I.ngth(II.Ilst _ef _cons).natnum u
l i s t _of _cons case Ii of

NIL ; ZERO
Join; suc( I.ngthlt l( l l)))

S

THE FOLLOW ING FUNCTIONS ARE UNDEFINED;
pair _merge
I squa I

THE FOLLOWING SYNTAX EXCEPTIONS HAVE SEEN GENERATED SY THE PARSER,

(all
II. 10 In
51 t I ( i l)  . Join
~

— palr _aerg.(Ib i Jo in;

ta2)
I; cons

drop (l)  • Join;

THE FOLLOWING SYNTAX LEMMAS HAVE BEEN GENERATED BY THE PARSER.

(—11
l i t  si

~ drop (I) ; l I st _of _consi

(-.2)
x ;natnum ,y.natnum
J — Isqual (x ,y) • booI.a n~
(—3 1
I: cons

ord. rsd _co ne( I) ; booIsan~

1—4 )
1 , 1  1s t
J — -ord .r .d ( l) ; boolean ;

1-51
I I i  l i s t _of _cons

i l s t _o rd ersd ( ll ) i boo l.an;

(-61
I I i i  st _of _cons
~

— pair _msrgs(Il) • list _of _cons;

(— 7 1
I I. JoIn
I— sort i( l l)  $ list ;

C-el
I; list

sor t (I ) i 11 1 1 1

1-9)
II, l i s t _of _cons
~

— lsn g t h l i l )  ; natnum ;

program psrm l;
dec lars function psr mut at lo n ( I1 ; l ist , l2 ; l I e t ) .  bool.an
d.ci ars function app.nd (I 1 ; l l s t , 12 , 1 let ) ,  l ist
function lis t _app .nd (iill st _of _con.), list s

lIst _of _cons case I of
NIL. NIL
Join . appsnd(hd(l) ,Ilst _append(t lll)))

_ ____
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function Iis t ..p .r.ufation (ililist _of _cons, i2 ;ll st _of _cena)s boolsan e
psrmutat lonll istjpp.ndili) ,llst _append(12))

THE FOLLOU ING FUNCTIONS ARE UNDEFINED;
append
permutation
pa ir _ui.rge
lequa l

THE FOLLOWING SYNTAX LEMMAS HAVE BEEN GENERATED BY THE PARSER.

(— 19)
Il; list , 12: 1 lit

psrmutation( li ,i2) ; boolsan;

(~~1i1
h i. I lit , 1 2 , l l s t

~
— app .nd(hi ,l2) i list ;

(-.12)
iii l s i _*f _cons

~
— ils t _app .nd (l) • list;

(—13 1
lii lit _of _con., 12. list _of _cons
J — I ist p.r.utation(ll ,L) ; boolsan;

theorsm .1
x : li s t

~
— ordsrsd( sort(x));

THEOREM i ACCEPTED

thsors m .2x ii st

~~ 
p.rmu tation (sort (x) ,x).TRUEi

THEOREM 2 ACCEPT ED

rul. +1
9i Jo in
Il suc (ZERO) c length (y)
I— l.ngth(pair ...pergsly)) c lsngth(y).~TRUE1
.1 ACCEPTED

rule .2
II. Join
~

— pa ir _p.rg.Ill ) • Join ;
.2 ACCEPTED

rul. .3
y: Join
Si I ist _ordersdly)

ords rsd(sor t 1(y )).
~TNUEI

•3 ACCEPTED

prove .i;
PROVING al
x i i  l it
J — ord.red (sort Ix))

type iii

- - -—---~~~ --——-—-- --
~~~~~~~
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~~~~~
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NEW GOALS.

Ci)
xi lis t
51 x • NIL
~

— ord.rsd(sor t (x))

SIMPLIF IES TO,

TRUE

(2)
xi lis t
Si x ; cons

order.d (sort (x))

SIMPL.IFIES TO.

x.cdr : I ls t ,x .car ;natnum
~

— ordsrsd(sortl(Joln(cons(x .car ,NIL) ,dro,(x.cdr))))
i GOALS REMAIN TO BE PROVED

CURRENT GOAL .
x.cdr; I Is t , x c ar ,natn um

~
— ordsr edtsortiljolnl cons tx .car ,lIIL),drop(x.cdr))))

co naaqus ncs I Ist _ordersd(JoIn(cone(x.ear ,NIL) ,d,-op(x.cdr)))I

NEW GOALS;

(1)
x .cdr ;iI st ,x .cae;natnue
SI Ii st _ord ered(joln(conslx .car,NIL) ,drop (x.cdr)))
I— ordersd(sort1IJoin(cons(x.c.r ,NIL) ,drop(x.t~dr))))

SIMPL IFIES TO;

TRUE

12)
x.cdr . I ist , x .ca r ;natnum

I st _or dersd (Joln (cone(x .car ,NIL),drop(x.cdr)))

SI MPL IFIES TO.

cdr : lI s t , x. car na I nu.

~
-. I lit _ordered (drop (x .cdr ))

1 GOALS R E M A I N  TO BE PROVED

CURRENT GOAL.
x .edr; I lst ,x.cae ;natnum

I Ist _ord.red (drop (x.cd,-))

Induc t ic.cdr l

NEW GOALS.

(11
x.cdr ; I l,t ,x.car,natnus
Si x . cdr ; N I L
41 (x .cdr ’;I Ist ,x.car ’,natnum

51 x.cdr ’ c x.cdr
~

— I ist _ordsrsd(dropl,.cdr’)).,TRU()
I- l ls t _ordersd(drop(x.edr))
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SIMPLIFIES TO;

TRUE

12)
x .cdr ; lI st ,x.car ;na tnue
Si x .cdr i cone
11 tx .cd r ’ ; I l s t ,x.car ’ ifl atflu u

51 x.c dr ’ c x .c dr

~
— I lat _ord er.d(drop tx. cd r ’)).~TRUE)

~
-. I Is t _orde r.d(dro p(x . cdr ))

SIMPLIFIES TO.

TR UE
PROOF OF .1 RELATIVE TO THE ASSERTIONS ;
.3

UNPROVED THEOREMS. .2
UNPROVED RULESi .3
UNPROVED SYNTAX LEMMAS; -.13 — 12 —11 —19 —0 4 —7 4 —6 —4 —3 —2 —i

qed ;

rule .4
n.p rsd ;natnum
$ — ZERO c sucl n.pr.d).>TRUE p
.4 ACCEPTED

rule +5
y. I lit _of _cons
Si ll st _ordsr.d (y)
J— I ls t _ord.r.dIpaIr psrq. (y)).~TRUE ;
.S ACCEPTED

ruls +6
pibo o Isan , xi boo ha n
~

— i f  p than x iii. FRLSE ., ~~~
+6 ACCEPTED

prove +3;
PROVING .3
yi Jo in
Si I let _ordered (y)

~
.- order.d (sort1(y)).~TRUE

i nduc t Ieng th(y ) .1

NEW GOALS;

Cl)
y. Jo in

— 51 Ienqth (y ) ; ZERO
12 l l s t _ordered (y )
41 Cg’.Jo in

Si Isnqth(y ’) C Iength (y)
12 li s t _ordersd (y’)

~
— ord.rsd(soi ti (y ’)).>TRUEJ

I— order.d(sot t1(y)).TRHE

SIMPLIFIES TO.

TRUE 

-- .
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(2)
y i jo i n
51 lsngth(y) ; suc
12 lI st _ord.esd (y)
Cl (y ’ ;joi n

Ii hsng th (y ’) C isngth(y )
52 l Is t _ord.rsd (y ’)
$— ordev ed (sortl (y ’ )).>TRUE1

~
— ordared(iortl(y)).TRUE

SIMPLIFIES TO.

y .tl i l ls t _ef _cons,y.hd.cdr;list ,y.hd.car;IiatIIUm ,yI join
51 ordersd _con s (cons ( y.h d .Car ,ta .hd .Cdr))
52 Ii st _ordsrsd (y.tl)
41 (y ’;J oi n

Si l.ngth i y ’) c IenglhI Joi n(cons ( y.h d .car ,y .hd.c dr ) ,y.t l))
S2 I i st _ordersd (y ’ )
I— ordered(.orti(y ’)). TRUEI

~
— ord.r.d(sort i(Join(cons(y.hd.Car ,y.hd.Cdr ) ,y. II)))

1 GOALS REMAIN TO BE PROVED

CURRENT GOAL ;
y. i i ;  I Ist _of _cons,y.hd.cdr ; I Iii ,y.hd.csrinaisum ,y; joIn
Si order.d _conslcOns (y.h d.car ,tI .hd .Cdr))
S2 lIs t _orderedi y. tI )
41 ty ’: J o l n

Si h.ngth(y’) c lsngth (Joln (cons (y.hd.car ,y.hd.cdr),y. tl))
S2 I ist _ord.r.d(y ’)
l- ordsrsd (sortl (y ’)).-TRUE )

I— order .d (sort1 (joln (cone (y.Itd.car ,y.hd.Cdr~,y .tI )))

typ. y. t ll

NEW GOALS;

Ci)
y . ti ; I lst _of _cons ,y .hd .cdr i I l s t ,y.hd .car ;nat nti * ,yi loin
Si y . t I ; NIL
I? ord.rad _cons (cons (y.hd .Car ,y.hd. Cdr))
53 lIs t _orde r.d (y.tl )
41 (y ’,joln

Si l.ng%hl*j’) c l .ngTh(jolnlcons (y.hd.car,9.hd.cdr),Ij.tl))
#2 li st _ordsesd (y ’)

~
— order .d(sorti (y ’)).~.TRU()

~
— ord.red (sortl (JoIn (cOns (y.hd.Car,y.hd.Cdr),g.tI)))

SIMPLIFIES TO.

TRUE

(21
y. 11 , 1 lst _of _cons ,y .hd.cdr . II st ,q.hd .car ,na tnum,yi join
SI y . t l  • j oin
12 ord.rsd_cons(cons(y.hd.car,y.hd.Cdr))
#3 lIs t _ord.rsdlV .t I)
Ii (y ’ ,J oIn

Si I.ngthly ’) C l.nqth(joln(cons (y.hd.car ,y.hd .cdr),y. tI))
52 his t _ord .red (y’)
I— ord.redlsottl(y’)).>TRUE)

I— order.d(.erll(Join(osnc(y.hd.car,y.hd.odr),y.tl)))

SIMPL IFIES TO;

TRUE
PROOF OF +3 RELATIVE TO THE ASSERTIONS ,

-—---

~

. —- -
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.2 +4 .1 .5 +6
UNPROVE D THEOREMS. .2
UNPROVE D RULES. +6 4 .4 +2 +1
UNPROVED SYNTAX LEMMAS ; —13 ~ l2 —Ii —ii -I 4 —7 4 4  -4 —3 —2 ~i

qed ;

prove ,4 ;
PROVING .4
n.prs d :nat nu m
I- ZERO c suc (n.pr.d ).>TRUE

indu ct n.pr.d

NEW GOALS;

(1)
n .pred ;natnum
Si n.prsd $ ZERO
Ci (n.pr .d’ ;natn um

Si n.prs d ’ c n.prsd
J — ZERO c suc (n.pr .d ’).>TRUEI

~
— ZERO c suc(n.prsd).TRUE

SIMPLIFIES TO;

TRUE

(21
n .pr.d :natnum
Si n .pred ; suc
Cl tn.pred’ ;natnum

51 n.pred’ C n .pred
ZERO c suc (n.pred’).,TRUE)

I -  ZERO c suc (n.pred).TRUE

SIMPLIFIES TO.

TRUE
PROOF OF .4
UNPROVED THEOREMS. .2
UNPROVED RULES; +6 .5 +2 +1
UNPROVED SYNTAX LEMMAS ; —13 —i2 —ii —ii —S 4 — 7 4 4  —4 —3 —2 —1

qed ;

prove +6 ;
PROVING +6
p. boo le an , xi boo san
J— if p then x else FRLSE. p and x

type p 1

NEW GOALS.

11)
p ; boo lean , x boo l ean
Si p . TRUE

~
- I f  p then ~ s u e  FAL SE—p and ic

SIMPLIFIES TO;

TRUE

(2)



_ _ _ _  ~~
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p iboo iean ,x ;bOOl.an
S i p ,  FALSE
I —  if p then x elsa FALSE.P and x

SIMPL IFIES TO;

TRUE
PROOF OF +6
UNPROVED THEOREMS; .2
UNPROVED RULES; .5 .2 .1
UNPROVED SYNTAX LEMMAS. —13 —12 —ii —IS —0 —8 —7 -8 —5 —4 —3 —2 —i

qed;

prove -1;
PROVING —l
I. l I s t

~
— dropll) • l ist _of _cons

Induc t II

NEW GOALS.

Ci)
I; l i s t
Si I ; NIL
11 (l’ ; iist

11 I’ C I

~
— dropll’) ; iI, t _of ..cons)

~
— drop (I) i lIst _of _cons

SIMPLIFIES TO.

TRUE

(21
Ii l is t
#1 i i cons
Ci II~~i i I i t

51 I’ c i

~
— drop (l’) . ili t _of _contil

dropll) • l i s t _of _cons

SIMPLIFIES TO.

TR U E
PROOF OF -.1
UNPROVED THEOREMS; .2
UNPROVED RULESt .5 +2 +1
UNPROVED SYNTAX LEMMAS i —13 —12 —Ii —II — 0 4  —7 — 8 4  —4 —3 —2

qed ;
prove -3;
PROVING -3
Ii cons

— order.d_cons (l) , boolsan

Induc t II

NE W GOALS,

11)
I; cons
Cl (l’ ,co ne

51 I’ c I
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~
— ord.r.d .c.oo ( I ’) s boolsani

~
-. ordsred_cons(l) i boo Isan

SIIt PLIFIE S TO~

I.cdrs list , i.car,natnu ., icons
11 t l’ ,cons

Si I’ c cons(l.ca~,I.cdr)
~
- ord.r.d_cons(i’) boslsanl

— ord.rsd cons (cons (I • cor, I • cdr)) boo sin
1 GOPLS REIIRIN TO SE PROVED

CURRENT GORL i
I.cdrs I lit , l.carsnatnuu, i tconu
$1 ti’ *cons

Si I’ c cons(i.cir,l.cdr)

~
— ord.r.d_cons(l’) s boolsani

I— ord.r.d_cons(csns(l.cir, l.cdr)) s boo lsan

typo l.cdr l

NEW GORISi

113
I.cdri I lit , t.carsn$tnuU, Iscon.
Il I.cdr i NIL
11 Ci i CO!iI

Si I’  c cons(l.car,l.cdr)
— ord.r.d_cons (I’) $ boo I .inI

~
— ord.r.d_cons (cons (I .car, I .cà~)) * bo.I.an

SI M P L IFIES TOt

TRUE

123
I.cdr* I lit , i.car,natflUu, Itcons
Si I.cdr s cons
$~ tI’ icons51 I’ c cons(I.car,I.cdr)

~
- ordsrsd_cons(I’) * boolsanj

I— ord.r.d_c.n.(cons(l.car ,l .cd r )) i boo lsan

SIIIPLIFIES TOt

TRUE
PROOF OF —S
UNPROVED THEORERSi .2
UNPROVED RILES, .S .2 .1
UNPROVED SYNTRX LEM1IRSi —11 —12 —11 —II -14 —7 -14 -4 -2

prove -4;
PROVING -4
$i l ls t
J— ordsrsd(I) , boolsan

lyps I,

NEW RORLSs

11)
I, I 1St
I I I i N I L

- .-- --—- - —--~---— —.- ~_•:~~_ __~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - u- - -
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~
— ord.rsd(I) , booIs~~

SIMP t.IFIE S TO,

TRUE

121
Iii’.’
,1 I * cons

~
— ord.r.d(I) s booI•an

SIMPLIFIES TO *

TRUE
PROOF OF —4
UNPROVED THEOREMSt •2
UNPROVED RULESI .5 .2 .1
UNPROVED SNTRX LEMIIRSi —13 —12 —11 —I S 4 4 —7 -S 4 —2

q.dp

prove —5;
PROVING -5
II ,IIs t_of .con.
I— IIst _..-d,r.dfll ) i boolean

Induc t III

NEW GORLSa

111
lu tist _of _con,
Il II * NIL
II £li’ ,tist _of con~

SI II’ C II
• 

~
— it st _ord.,sd(ll’) s boolean)

~
— Ii.t _ordsrsd(Il) • boolsan

SIMPLIFIES TO,

TRUE

12)
l i i i  st _of __con,
51 II $ join
£1 t ll’ ,lis t _of _con,

Si II’ C I I
— lIs t _ .pd.r•d(il’) , beolein)

~ — Ilit _ord.r.d(II) s boolsan

SIMPLIFIES TO ,

TRUE
PROOF OF —S
UNPROVED THEOREMS~ .2UNPROVED RULESs .5 .2 .1
UNPROVED SYIITRX Lemms. -13 —12 —11 —I S —5 -1 —7 -S 4

•sdp

prove —7;
• PROVING —7

II. Jo in

~
— •ortl (tI) , list
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induct i.nq th (lI)t

NEW GOflLS~

11]
II , join
51 Isn g t Pi (il) $ ZERO
11 Lii’ tjo (n

Si l enqth(iI’ ) c i.ngth(I i)

~
— .ortl(ll’) , list)

~
— ,ortl(lI) * lilt

SIIIP I.IFIES TOt

TRUE

121
lI~ Jotn
51 ieng th( $I ) suc

11 (il’ ,joIn
Si $.nqth ($l’) c lungtP , (ll)
I— sortitti ’ ) list )

~
— sortl($I> i li st

SIIIPLIflES TO,

I I. lit li st of con, ~iI.hd.cdr* list , il.P,d.c~~*natnu., iii join
£1 Lli , J’ irt

Si l.ngt h (11) c l.ngth (join (coni(li.hd.car,lt.hd .c~~),ll.tl))

~
— sort iti t ’) list)

~
— sorli(Jo$n (cons(ll.hd.car ,ll.Pid .cdr),ll.t i)) i list

1 GORLS RE MAi N TO BE PROVED

CURRENT GOAL,
Ii • t ii i i,t _af

__
cons, II .hd.c~ ’* list , II .hd.car *natnus, lii join

SI tll’ t jo i n
SI isngth(lt’ ) C l.ngth(joinlcons(lt.hd.car ,ll.M .o*),il.tl) )

~
— ,ortl(tl’) s list)

~
— sortl(Join (cone(Il.lid.car,ll.hd.cdr),ll.tt)) l ilt

typ. t l .t ll

NEW GOALSt

UI
l l .t l~~li.t _pf _cons ,ll.P,d.cdr$liut ,Il.P~d.cW tIIatnuO,liIjOh%
51 il ~ t l $ NIL
11 t i l’ ,join

51 isngth (li’) c u.ngth(jsin (cons(li.Pid.sir,ll.Iid.s*),Il.ll))

~
— sort lill’ ) , list)

~
— sortI(join~cons (tl.hd.oar,ll.lld.odr),ll.tl)) t list

SI MPLIFIES TOt

TRUE

121
l l . t l s l $ . t _of _con.,li.hd•cdrullst ,Il.Ii d.OaPs natflue,llIjSlIi
51 lt .t i  $ join
11 li i’ , joi n

51 i .ngtPi (ll’) c isnqth (join (csn,(ll.hd .car,li .tid .c*),il.lI ))

~~— ,orti(ll’) * li,t) —
p — .ortl(jol n(c one(li.itd•car,lI.hd.cdr),ll.t l)) $ list

SIMPL IFIES TOs

I

I
- - - -~~. -
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TRUE
PROOF OF -7 RELATIVE TO THE RSSERTIOWSt• +2 .1
UNPROVED THEOREMS t .2
UNPROVED RULES, .5 .2 .1
UNPROVED SYNTAX LEIMAS, —13 —12 —Ii —ii 4 4 4  —2

q.d;

prove —8;
PROVING —8
liii ’ ,

~
— •ort(l) $ h i t

typ. I I

NEW GOALS,

Iii
1 ,1 1St
51 I $ NIL

~
— sort (l) s list

SIMPLIFIES TO,

TRUE

12)
ill lit
Si I $ con.

~
— port tl) $ list

SIMPLIFIES TOt

TRUE
PROOF OF —8
UNPROVED THEOREMS, .2
UNPROVED RULES , .5 .2 .1
UNPROVED SYNTAX LEIMASt —13 —12 —1 1 —15 —, 4 —2

prove -4;
PROVING —s
lhille t Jf j.n.
I— lanqtit(ll) $ itatnue

induct Il l

NEW GOALS,

U)
Iltilet _of _cons F51 II $ NIL
*1 tll’ i l Iet _.f_oone

51 I I’ C I I
1— I t ~ th (Ii’) $ natnue)

~
— lsn,th (lI) , natnue

SIMPL IFIES Tot

(2)
• Il* i li%_pt_ssne

a 

-—- - —-- - ---- ~~~ ~~~~~~ —- - - — -~ --————-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Si II $ Join
*1 tll’ .lls t _of _cons

51 hI ’ C I I
~

— lin,tlt(lh’) ~ natnus)
~

— I.ngth (il) ~ natnue

SIMPLIFIES TO,

TRUE
PROOF OF —S
UNPROVE D THEOREMS. .2
UNPROVEO RILESs .5 .2 .1
UNPROVED SYNTAX LEIMPS, —13 —12 —11 —II -84

rule .7
xtll. t
~ — p.r.utatlon(x ,id.TRUEi
.7 ACCEPTED

ruhs ,8
x *Jol n ,yslls t
51 l ls t ps ruutatlonIx ,dr~p(V ))

~
— p.rwtatlon (sortl(x),y).>IRIIE ;
.8 ACCEPTED

prove •2j
PROVING .2
xtiiit
$— p.rsutatlon(sort(x),x).TME

type iii

NEW GOALSa

II)
x ,Ili t
5 1* ,  NIL
~

— p.reutation(s.rt(x),x).TRUE

SIMPLIFIES Tot

TRUE

12)
xi l ist
Six  * cons

~
— p.r.utatlon(,ort(x),x).TRUE

SIMPLIFIES TO,

TRUE
PROOF OF .2 RELATIVE TO THE ASSERTIONS,
.7 .8

UNPROVED RULES. .8 .7 4 .2 .1
UNPROVED SYNTAX LEMMAS , —13 —12 —11 —IS -5 —2

prove +1$
PROVING .8
xt j.in,V$ li st
51 ll.t p.r.ut atIon(x ,dr .p(

~)) 

-~~~~ - _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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~
— p.r~ itatlon (sorti(x) ,tØi~TRUE

rule .9
x. I ist _of _cons,y, list _of _cons
51 Ils t p.rsutatlon (x,y)
~

— lIst p.r.ut•tlon(palr psr,s(x),y).~TRUE ;
.9 ACCEPTED

rule +18
x s ll st
(— append(*,NIL).~x~.15 ACCEPTED

rule .11
xi list
(— Iist _append(dr.p(x)). x;
.11 ACCEPTED

induc t i.nqtldx) .1

NEW GOALSI

113
xsjoin ,ys list
51 l.ngth (x) , ZERO
12 his t _pe rmutat lon (x,dro,(V))
II Ix’,join ,y’s ii s t

51 l.ngth (x ’) c lsng th(x)
52 i ls% _p.r.utstientx’,dro,1~’))

~
— p.r.ulat Ion (sotil (x ’) ,y’)..TRIEI

~
— p.s.utatl.n(s.itI(x),V).TRUE

- SIMPLIFIES TO,

TRUE

12)
x~ Joln ,yt let
51 I.ngth(x) suc
52 I ist psrnut•t l.n(x,drop(y))
11 Ii. ’, join ,y ’sl ist

51 l,ngtli(x’) C l.n5th (x)
52 I st .j.rauta*lanIx’,~~op(y’))
~- p.r.utation(s.rt1(x’),~’).~TRtEII— p,r.utatlen(s.rtl(s),V).IRUC

SIMPLIFIES TO,

x.tl,l is I _of_cons,x.hd.cdr,lIst,x.M.carutatnu ,x.joln,~,ll.t
51 p.r.utatlon(append (cons(x.hd.car ,x.M.c*),lis t _app.nd(x.tl)),~)
11 (*‘,Join ,y ’ilist

11 sn~th (x’) c i.nqth(Joln(con.tx.hd.car ,x.hd..b) ,x. ti))52 llatj srsutatisn(* ’,drsp(tj’))
~

— p .rmutation (.oetl(x’),~’).TRUE)I— p.rmiatatlon(..r t l(j .in(con.(s.hd.car,x.hd.cdr),x.t l)) ,v)
1 GOALS REMAIN TO SE PROVED

CURRENT GOAL s
• x.tish$. t ...ef _c.n.,x.kd.cdrshIst,x.hd.car,natnus,x,j.ln,~*lIs I

51 pernutat Ion(append(c.ns(it.M.car,x.Iid.e* ), I lst _sppsnd(r. t I)) ,~41 (x’,jein ,y’sll s t
51 l.nqth (x ’) c I.n~tN(j.in(c.ne(x.hd..~~,x.M.o ),x.tl))

• 52 lis t 5.rnutat lon(x’,dr.p(y’))

-~~~~~-‘~~ --~~~~~~~~ ~-~=~~~-~~~~ -- ~~~~ —--
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~
— p.rautatlon(.orti(x ’) ,y’).>TRUE)

~
— pernutatlon (ssr t l(jo ln(cons (x .hd.car ,x.hd .cdr) ,X. t i ) ) ,y )

type x . t l l

NEW GOALS,

11)
x. 11 , I lst _of _cons,x.ltd.cdr s I lst ,x.hd .car ,natnum,xsiO in ,yt list
11 x.t l * NIL
12 p.rsut.tlon(.pp.nd(con.(x.Iid.car ,x.ltd.cdr ),hls t _append(x.ll)) ,y)
Ii Ix ’:joln ,y ’’lls t

Si l.nqth (x ’) c l.nqth(join(cons(x.hd.car,x.hd.cdr) ,x .ti))
52 hi.t _.p.r.utatisn(x ’,drop (y’))
~

— p.r.utation(sortl(x ’) ,y’). TRUE)

~
— p.r.utatIon(so, t1(jo ln(cons(x.hd.sor,x.hd.cdr),*.t I)) ,~ )

SIMPLIFIES TO,

TRUE

12)
x. l l~ I lst _of .cons ,x.l~d.cdr , I Ist ,*.hd.car,natnue,xiJoln ,y* list51 x. t l  , join
52 p.rmutation(app.nd(cons(x.bd.car,x.hd.cdr),ll $t _appef$d(x.tI)),!j)
11 lx’sjoin ,y’:llst

Si lsnglh (x ’) c i.ngth (joln(cons (x.ltd.car ,x.hd.cdr),x.ll ))
52 h is t ..p.rmutatlon(x ’,drop(y ’))
I— p.ruutation(sortl(x ’) ,y’J.>TRUE)

I— p.r.utatlon (sorti(Joln (cons (x.hd.car,x.M.cdr),x.tl)),y)
SIMPL IFIES TO,

TRUE
PROOF OF .8 RELATIVE TO THE ASSERTIONS.
.15 .2 .1 .9 .11

UNPROVED RULESI .11 ,IS .5 .7 .5 +2 .1
UNPROVED SYNTAX LEMMAS : —13 —12 —11 —IS —8 —2

qd ;
rule .12
xi I lst ,yt I lst ,z, I lit
xi p.rautation (y, z)
52 p.routatlon(x ,g)
~

— p.reutation(x,z). TRUE;
.12 ACCEPTED

rule .13
x ,Iist _of _cona
~

— p .rnut.tion (lI.t_a,psnd (pair .psrge(x)),llstJppSnd(x))E~TRUE I
.13 ACCEPTED

prove .91
PROVING .1
x, Iis t _of _cons,yt list _of _c.ns
51 l ls t ..p.r*atet lon(x ,y )

~
— I lst p.r at.ll.n(pali.s~~.(x),y).TAUE

CURRENT GOAL ,

111
x, ll.t _of _cons,i,t l ist _of _sons
51 llstJ .rnutati.n (*,V) —

~
— I lstj.rsuts tl.n(piIr psr,.(x) ,y).TM* 

-
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SIMPLIFIES TO,

TRUE
PROOF OF .9 RELATIVE TO THE ASSERT IONS,

• .13 +12
UNPROVED RULE Sa .13 .12 .11 .15 .7 .5 •2 .1
UNPROVED SYNTAX LEMMAS, —13 —12 —11 —15 —5 —2

qsd ;

prove -12;
PROVING -12
I ,Ils t _of _cons

~
— l is t _app.nd(I) * lit

Induc t II

NEW GOALS,

UI
l i l i s t _of _cons
Si I i NIL
Ii 1I ’ :lIst _of _cons

Si I’ C I

~
— l l st _app.nd (I’I , lI st)

I — I i s t _ipp nd (l) , list

SIMPLIFIES TO,

TRUE
•

12)
I ,Ils t _of _cons
51 I * Join
11 t l ’ . l l s t _of_cons

51 I ’ C I
)— lIst _appendll’) * l ist )

~
— Ii st _appsnd (I) list

SIMPLIFIES Tot

TRUE
PROOF OF —12
UNPROVE D RULES ’ .13 •I2 .11 .15 .7 .5 .2 .1
UNPROVED SYNTAX LEMMAS , —13 —11 —15 —S —2

prove —13 !
PROVING —13
h a l  lit _of _coal, 12, 1 1st _of _cone
I— hist _c .v .utat lon(li , I2) , boolsan

CURRENT GOAL .

Ii)
lit

— II st p .ruutetlontII,I2) i bool.aa

SIMPLIFIES TO,

TRUE
PROOF OF —13
UNPROVED RILESt .13 .12 .11 .11 .7 44 .1
UNPROVED SYNTAX LEMMAS. —11 —ii -1 -2
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qed;

progra. aort2 ;
dscl re function msrgs_cons (hlscons,l2scons)~cons
function paIr _uerg .(llt Ils t _ol_coni ) ,lIst _sf _coni •

list _of _cons case I I  o f
NIL. NIL
Joins list _of _cons case t I (Ih ) of

NIL , I I
join, joln(eorqe_cons(hd (Ii),hd (tlflI))),palr.psr,s(tI(tI(lI))))

0

THE FOLLO WING FUNCTIONS ARE UNDEFINED :
sorg._cons
append
psr nutat Ion
Isqua l

THE FOLLOW ING SYNTAX LEMMAS HAVE SEEN GENERATED SY THE PARSER s

1—1 4)
Ii: cons , l 2:cons
~

— merge_cons (hl ,12) , cons;

rule .14
ill st ,ysil st ,z :IIlt _of _cons

~ — •pp.nd(x ,append (y,II st _app.nd (z))).>lppend(lppend(x,y),lIs t _appsnd (z))p
.14 ACCEPTED

rule +15
xi cons,yi Cons

~
— per.utat ion (eerg._co ns(x ,y) ,1peend(x ,y )).~1RUEi
.15 ACCEPTED

ruts .16
xi I ist ,y* I ls t ,u: I Is t ,vt I 1st
51 persutatlon (x ,y)
52 persutat lon(u,v)
~

— psreulatlon(ipesnd (x,u),append (y,v)).TRUE;
.18 ACCEPTED

rule .17
xi list

~
— append (NIL ,x)s~x;
.17 ACCEPTED

prove +13;
PROVING .13
xi I st _of _cons
I— per.utatlen(Ilst _append(palr pei~ e(x)) ,Ilst _appead(x)).>TRU(

induct xl

NEW GOALS ,

Ii)
x~ I lit _of_cons
S i x ,  NIL
81 tx ’ , h l s t _sf_csng

51 x ’ c x
~

— p.r.vtatlsn(Ii.t _append(pals _os.~ o(x ’)) ,hl st _append(x’)).,TRUI)
~

— per.uiatloa(Iist_append(p.ls.p.r,o(s)),IIst_ ppsnd(x)).TRIJE 

~~~~~~~ _~~~~~~ - — ~~~~ _~~~~-_ ——~~~~~ —--.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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SIMPLIFIES TO.

TRUE

12)
x:ll st _of _cons
51 x i join
£1 Ix’: l i s t _of _cons

Si x ’ c x
permutat Ion (lIst _append (pa lr ..pergs Cx ’)), I Is I_append (x’) ).>TRUE)

~
— p.r .utatlon (l ist _app .nd (pair_ssrgeCx)),IIs t _appsnd(x)).TRUE

SIMPLIFIES TO~
x. t I: I l st _of _cons,x.hd .cdr , I Ist ,x .P,d .car .natnUm
$1 Ix’ :1 1st _of _cons

SI x ’ c j oin(cons(x .Pid.car ,x.hd.cdr) ,x .t I)

~
— p.r.utatlon(llst _append (palr _msrge(x’)),Il s t _appsndtx ’)).>TRUE)

~
— psr .utatlon(app •nd(hd (llst _of _cons case of x .tI I N ILE joIn (cons(x.hd .car ,

x.hd.cdr),NIL) join, join(.erge_cons(cons(x.hd.cav ,x.P.d.cdv > ,consl
x. t l.hd.car ,x. tl.hd.cdr)),pais-_.srge(x.tI.tl))I),hI st _append (tI(IIst_of_cons
case of x .t I I NIL: join(cons(x.Itd.car,s.hd.cdr),NIL) join, joln(
sorg._cons (cons Cx. ltd. car, x.kd. edr ) cons C~. t I.ltd.car,x .t l.hd.cdr)) pa ir psrg.
Cx . t h. t 1 )11) )) ,append (cons (x.hd. cav ,x.hd.odr) , list_append (x.t I)))

1 GOALS REMAIN TO SE PROVED

CURRENT GOAL .
x. t I: I lst _of _ccns,x.ltd .cdrs I lst ,x .hd.car ,natnum
Ii tx ’il l s t _of _cons

Si x ’ c jot nCcons (x.hd .car ,x.hd.cdr),x .t l )

~
— p.rsutat lon (Iist _append( palr _surge (x’)),II st _append(x ’)).>TRUE)

• ~
— p.rnutation(spp.nd (bdClIst _oi _cons cuss si n .t% I Hilt join(constx.hd.car,

x.hd.cdr),NIL) John, Join (msrge .cons(cons(x.ltd.car,x.ltd.cdr),cons(
x . t l.hd.car ,x.tt•Isd.cdr)) ,palr_surg.(x .t I.t I)) I),Ilst _app.nd(th(llst _of _cons
case of x .tI I NILs Joln(cons(x.hd.car,x.Itd.cdr),NIL) join: joln(

• usrg._cons(con.(x.Itd.car,x.hd.cdr),cons(x.tI.Itd.car ,x.tI.hd.cdr)),paIr _ .psrgs
Cx . II. tl))l) )),append (cons(x.hd.csr ,x.M .cdr), lIs t _lppsnd(x.tl)))

type x .tIl

NEW GOALS:

£1)
x. t I: I lst _of _cons ,x.hd.cdr , I lst ,x.hd.car:natnui
Si x . t I  : NIL
81 Ix ’:lIst _of _cens

Si x ’ c joln (cons (x.itd .car ,x.itd .cdr),x. tI)
I— p.r .utatlon (Ilst _epp .nd(palr _surgs (x’)),h ls t _lppend (x ’)).>TRUE)

~
— p.rsutation (append ftt d Chi st _ol _cons case of x. tl I NIL: Joln(cons(x .hd .oar ,

x.Pid .cdr),NIL ) join , joln(.erge_cons(cons(x.hd.csr ,x.Itd.cdr),cons(
x. tI.hd .car ,x. tI.hd .cdr)),paIr_osrg.(x.tl .tI))I), l ist _apps nd (tI (IisI_of _cons
case of x.t l I NIL, joIn(cons(x.Itd.car,x.ltd.cdr),NIL) Jo in, joln (

surge_cons (cons(x.Itd.c r,x.hd.cdr) ,cens(x. t I .hd.car ,x. t I .Itd.cdr)) ,pair_osrq.
Cx . ti. t i ) ) h ) ) ) ,app.nd (cons (x .hd.car ,x.lt d .cdr ) , Ilst _app end (x .t I)))

SIMPLIFIES To:

TRUE

12)
~~. t 1,1 lst _of_cons,x.hd.cdrt lls t ,x.hd.carsnitnus
Si x . t l  , Join
11 Ix ’tIl s t _of _con.

Si x’ c jo in(cons(x.hd.esr,x.hd.cdr),x .t l)
• 

~
— pr~~sta t Io n( hlst _app.nd(paIr _i.rg.(x’)) ,tIsI_lppend(x ’)).~TfiUEJ
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I— per.utotionlappend(hd (IIst_of_.cons case of x .tI I NIL, Jolnlconu(x.hd.car,
x.hd.cdr),NIL) joins Join (msrgs_cons(csnsCx.hd.car,x.hd.cdr),cons(
K. tl.hd.car,x.tI.hd.cdr)),pslr_osrge(x.tl.tI))l) ,Iist _append (tICiIst_of _cons
case of x.tI ! NIL, jolnlconstx.Isd.car,x.hd.cdr),NIL) join. JoinC

su rge_co ns (consCx .Pid. c r ,x. Nd .cdr ) ,cons (x . t I.hd .car ,x. t I.hd .cdr )) ,pair_os rge
Ci.. tI. tI))l))),app.nd(consCx.Itd .car,x.ltd.cdr),I l st _ appendCx.tI)))

SIMPLIFIES TOs

TRUE
PROOF OF +13 RELATIVE TO THE ASSERTIONS.
.16 .14 .15 .7 .2

UNPROVED RULES: .16 .15 .14 .12 .11 .15 .7 .5 .2 .1
UNPROVED SYNTAX LEMMAS: —14 —1 1 —15 —6 —2

qed;

program sort3 ;
function msrg.(I1. II.t ,12, list ), lIst s

list case Ii of
NIL, 12
cons , li st case 12 of

NIL:  Ii
co ns, surg e_consth l, 12)

funct ion msrge_consCl 1~co~s,I2.cons).cons 5
If lequa l (car(ll),carCi2)) thsn cons(car(I1),mer~sCcdr(li),l2))
else cons (cai t12),osrgsl)1,cdrIl2)))

dsclars function su~_length (l1,tIst ,l2:Ilst):natnus
a
THE FOLLOWING FUNCTION S ARE UNDEFINED : -

sum _ length
append
p •rmutat Ion
isqu aI

THE FOLLOWING SYNTAX LEMMAS HAVE SEEN GENERATED SY THE PARSER:

1—153
Ii. list , 12s I st

~
— surqe (hl,I2) • list; =

1—1 61
ii: I si , 12i list

~
— su._ Ienq th (li ,I2) s na tnus;

rul e .18
xitceas ,xitcons
Si ordered_cons(xl)
52 ordered _cons (x 2)

— ordered_cons tuorgi_cons (xl , x2) ).>TIUEp
.18 ACCEPTED

prove .5;
PROVING .5
ys I 1st _of _cons
51 Ilst_ardered (y)
(— l Ist _ordsrsd(paIr jss~ eCy)).~TRUE

I nduct y 41

NEW GOALS,

11)
y. I 1st_of_con.
51 y • NIL

-- .~~ —.—_-— - — f •~ _ _ ~~~~~~ -_ _- -  - —.
~-— —. 
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#2 Iis t _ord.rsdC y )
81 Iy ’~ i lst _of _cons

Siy ’ c y
#2 I lst _ordersd (y ’)

~
— I lst _ordersdCpalr_osrge (y’)).TRUEI

~
— ll s t _ordersd (peIr_o .rge(y)).TRIJE

SIMPLIFIES TO:

TRUE

121
list _of_cons

#1 y Join
#2 ll st _ordersd (y)
Li Iy’:Ils t _of _cons

51 y ’ c y
S2 I ist _ordsred(y ’)
~ — I isl _ordered(palr _merge(y ’)).>IRUE)

~
— I Ist _ordered (pair_oerge(y)).TRUE

SIMPLIFI ES TO:

y.Il : Ils t _of_cons,y.hd.cdr: II st ,y.hd.car:natnu.
Si ordered _cons Icons Cy.hd.c.r,tj.hd .cdr))
S2 lIs t _ordered (y. t l )
81 Iy’.Iisl_of _cons

Si y’ c joinCconsC y.hd.car ,y.hd.cdr),y.tl)
52 I ist _ordered(y ’)

I ist _order.d(pair _merge (y ’)) ..TRUE)
~

— ordersd _con sUt d (Iis t _of _.cons case of y .t I  I NIL. j oin(cons (y.hd.cas’ ,y.Itd.cdr)
,NII.) jotn~ ioin (merge_cons(cons(V.ltd.cor,V.ttd.Cdr),consIy.t%.hd.csr,y.tI.hd .cdr)),pair _.ergsCy.tl .t I))i)) and l is t _.order.d(t l(Ilst _of _cons case
of y.t I $ NIL . joinCcons (y.hd.csr,y.hd.Cdr),NIL) joIn, Joln (msrge_cons(cons
Cy.hd.car,y.hd.cdr),cons (y.tI.hd.car,y.tI.ltd .cdr)),pair ._Rirge(y.tI. ti))I))

1 GOALS REMAIN TO SE PROVED

CURRENT GOAL :
y. t I: I Ist _of_cons,y.hd.cdr . I Ist ,y.Itd .carsna tnus
51 orderod _cons (cons(y.hd .car ,y.hd .cdr))
52 lIs t _ordersd (y .t I )
*1 ly’, list _of _cons

Si y’ c join (cons (y.Itd.car ,y.hd.cdr),y.tl)
12 I Ist _os-dsred(y’)
~

— I Ist _ordered (palr_mergeCy’))~>TRUE1
I— order.d_co n sCh dC ll st ._of _cons case of y.II I NIL . Joln (cons (y.hd.car,y.hd.cdr)

,NIL) Join . join (merge_consCconsCy.hd.car,y.hd.cdr),cons(y. tl.hd.car,
y.ti.hd.cdr)),palr_osrg.Cy.tl.tI))I)) and tl st _ordered(tl (hist_of_cons case
of ~.tI $ NIL, jolnCcons(y.hd.car,y.hd .cdr),NIL) Johns j oi n(.srg._cons(cons
(y.hd.car,y.hd.cdr),cons(y.tI.hd.car,y.tl.hd.cdr)),palr_osrg.Cy .ti.tl ))I))

t ype g .t l l

NEW GOALS.

(13
y. t i.l hst _of _cons,y.Itd.cdr. iIst ,y.hd.car snatnuu
SI y .ti s NIL
52 ordsred_cons(consC y.hd.car,y.hd.cdr))
53 Il s t _order.d (y .lI~
81 (y ’ list _of _cons

Si y’ c JoinCcon.(y.hd.car,y.hd.cdr),y.ti)
#2 llu t _ordered(y’)

~
— Ilst _ordered(palr ._usrgs(y’)).t.TRUEI

~
— srder ed_c.neChd(IIs t _of _cons cass of s j . t t  $ NIL. Join (co ns (y.h d.car ,y .hd.cdr )

,NIL) join, j .in(.erqe_cons (cone(y.hd. c ar ,y.ltd .c* ) ,ceae Cy. t i.hd. car ,

I

- - - —_ - - - - -  — - -- -  - -~~- -~~--—------ -~~~—- - -—-  —~~~~~ “
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y. tI.hd.cdr)),palr_mergs(y.tI.tI))I)) and Il st _ordered (tI (Iist _of _cons case
of ~.ti I NIL: joinCcons(y.M.car,y.hd.cdr),NIL) Join, Jol n(uerge_cons(cons
(y.hd.car ,y.hd.cdr),00nsCy.tl.hd.car,y.tI.hd.cdr)),paIr_oergi(y.%l.tl)))))

SIMPLIFIES TO.

TRUE

12)
y. t I: I Ist _of _cons ,y.hd.cdr , I ist ,y.hd.car.natnus
Si y. t l  : Join
#2 ord.red_conslcons (y.hd.car,y.hd.cdr))
53 lis t _orderedC y.tI )
Ii ly ’ i l ist _of _cons

Si y ’ c join (cons(y.hd.car,y.hd.cdr),y.tl)
52 ti st _ord.rsd(y’)

~
— I is t _ordered(pair _surge(y ’))~>TRUE1

(— ordered_cons (hd(llst _of _cons case of y. tl $ NIL: jolnCcons(y .hd.c.r ,y .hd.cdr)
,NIL) JoIn: Join(merge _cons (cons(y.lsd.car ,y.hd.cdr),cons(y .tI.hd.car,
y.tl.hd.cdr)),pair _eserge(y.tl.tI))I)) and ii st _ord sredCt i (Iis t _of _cons case
of y.tI I HILt join(cons(y.hd.car,y.hd.cdr),NIL) join, Joln( srg._cons(cons
Cy.hd.car,y.hd.cdr),cons(y.ll.hd.car ,y.tI.hd.cdr)),palr psrge(y.tI.tl))I))

SIMPLIFIES TO.

TRUE
PROOF OF .5 RELATIVE TO THE ASSERTIONS:
+18 +2
UNPROVED RULES, +18 .16 .15 .14 +12 .11 .18 .7 .2 .1
UNPROVED SYNTAX LEMMAS: -18 —iS —14 —ii —ii -6 —2
q.d;
prove —6;
PROVING —6
II: list _of _cons
~

— palr_perg.(lI) • list _of _cons

induct I ll

NEW GOALS.

Ii)
II: list _of _cons
51 II : NIL
81 Ill ’ ,Ils t _of _cons

51 II ’ C ii
I— pa ir _perge (ll’) • list _of _cons)

~
— palr_..rge(II) : list _of _cons

SIMPLIFIES TO:

TRUE

121
II. list _of_cons
It II 5 loin
Li Ihl ’ ,Ii st _of _cons
Ii II’ c II

~
— peir_psrg.(il’) • l ist _of _eons)

~
— pa lr_ osrge Cll ) • list _of _cons

SIMPL IFIES TO,

TRUE
PROOF OF —1 RELATIVE TO THE ASSERTIONS.
.2

L ~~~~~~ — - -- - - - — -~~~~~~~~~~~~~~~~~~~~~~ . -~~~~~~~~~~~~ -~
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UNPROVE D RULES: .18 .16 .15 .14 .12 .11 .18 .7 .2 .1
UNPROVED SYNTAX LEMARSi —16 —15 —14 —11 —II —2

q.d

ruts .19
x: I Ist ,y: I lst ,z . l ist
Si x C y
~

— sua_ Ien gthC x ,z) c sum_Iengtlt (y,z).TRUE;
.19 ACCEPTED

rule .20
x: I st ,y. I ist ,z: I lit
Si y C Z
~

— uum_ Iength(x ,y) c sus_ Iength (x,z).>TRUE i
+20 ACCEPTED

rule .2i
xi cons , y: list

~
— sum _ I.ngth (x ,y) : suc;
.Zi ACCEPTED

prove —141
PROVING —14
ii. cons, I2icons

~
— .erg._cons (li,l2) : cons

Induct uum_ Iength(I 1,i2) I

NEW GOALS.

Ii)
• I1,cons ,t2:cons

Li (Ii’ .cons,12’ :cons
Si su ._ ien g t h Cl i ’ , 12 ’ ) c su._tength (Ii,i2)
~

— .erge_cons(II’,I2’) • cons)
I- msrge_cons(It,12) t cons

SIMPLIFIES TO.

ii.cdr: l i st , ll.ca r ,natnum , Ii,co ns, 12 .cdrs list , 12.car,natnus, I2.cons
Li f t l ’ :cons ,l2’ ,cons

Si sum _ lsng th(i1’ ,I2’) c su._ length (cons(li.cir ,Ii.cdr),cons (I2.clr,12.cdr))

~
— merg._consC li ’ ,I2’) s cons)

~
— ,i.erge_cons(cons(hi.cuv,hl.cdr),cons(I2.car,l2.odr)) t cons

1 GOALS REMAIN TO BE PROVED

CUR RENT GOAL.
li.cdr,Iist ,Ii.car,natnus,ll,cons ,I2.cdrs Ilst ,I2.Car.na tnu.,h 2tcons
Li (Ii ’ :cons , 12’ :cons

Si su._ leng t h( I1 ’ , I2’ ) c su._I.ngth(consCIl.car,h1.c~ ’),cons(I2.car ,I2.cdr))
~

— .erq._cons (Ii’.i2’) • cons )
~

— msrge_cons (cons (l1.car ,il.cdr),cons (12.car,12.cdr)) . cons

type lequ .i(II.cer ,12.car)I

NEW GOALS.

111
Ii. cdr list , Ii. car: natnum, I 1: cons, 12.cdrs l ist , 12.carsnutnu., I2,cons
Il lequa l(Ii. car ,1 2.car) : TRUE
Li (l1’.cons,12’,cons

— . - - • - •- - — _ • ,_~~~
— , .
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Si suuu_ Ieng t hCf i’ , 12’) c su._IengthCcons(I1.car , Il.cdr),censCI2.car, I2.cdr))
I— msrgs_cons (Il’,12’) s cons)

~
— merge_cons (eons (h1.car,ll.cdr),cons(12.cai,12.cdr)) : cons

SIMPLIFIES TO:

It.cdr , Iist ,I1.csr,natnus,12.cdv,IIsi ,12.caisnatnu.
Si lequa i (Ii .car , i2.car )
Li t I i ’ zcons , 12’ ,cons

51 suiu_ Iength (ll’,I2’) C su._ l.ngth(consCll.csr ,il.cdr ) ,consCl 2.car,12.cdr))
I— m.rge_cons (h1’,i2’) : cons)

~
— merge(l1.cdr,cons (l2.car,12.cdr)) : lIst

121
Ii. cdr I lit , It .car :natnus, I licons , 12 .cdr ,IIst , I2.csr,natnus, l2scons
Si I.quah (I1.car ,i2.car) : FALSE
Li (il’ ,cons,l2’seons

51 sus_IengthCtl’ ,I2’) C su._IengthCcons(I1.car,ll.cdr),cons(l2.c r,I2.cdr))
merge_consChl’ ,l2’) s cons)

~
— merge_cons(consCI l.car ,li.cdr ) ,cons(12.car,l2.cdr)) s cons

SIM PLIFIES TO:

TRUE
1 GOALS REMAIN TO BE PROVED

CURRENT GOAL ,
ll.cdr:IIst ,Ii.car,natnua,12.cdr,Iist ,12.cir,natnue
Si Isqua l( l i . c a r , 12.car )
Si Iii ’ :cons,12’,cons

Si su._ Isngth (Il’ ,12’) c su.._ t.nqth(cons(Ii.car,I1.cdr ),cons(I2.cir,12.cdr))
merge_cons (Ii’,IZ’) cons)

~
— .erge(Ii.cdr ,cons(i2.cor,12.cdr)) . lIst

typo I1.edr l

NEW GOALS,

Ii)
l1.cdr: lis t , Ii.car:natnuu, l2.cdr: list , l2.ca,,natnus
Si ii.cdr : NIL
52 lequ al (li .car ,i2.car )
Ii (tl’ :cons ,12’:cons

51 sua_ Iengt h(I1’ , 12’ ) c sus_ Iength(cons(ii.car ,Il.cdr),cons(I2.car,i2.cdr))
~

— merge_cons (I1’,i2’) cons)

~
— msrge(I1.cdr,cans(I2.car ,12.cdr)) • lIst

SIMPLIFIES TO.

TRUE

(21
Il.cdr , list , t1.c.r,natnus,I2 .cdr,llst ,l2.cir,natn,a
Si l1.cd r , cons
52 IequaUIl. car ,l2.car)
Li 1l 1’ :cons , I2’ ,con s

51 sus_ lengthI IP ,l2’) C su._ Iength(cone(h l.c.r , h l.e*) ,c.ns(i2.csr , I2.cd r))
~
- serge_cons (l1’,12’) • cons)

~
— m.rge (h1.cdr ,con.Cl2.ear,I2.cdr)) s list

S IMPLIFIES TO:

TRUE
PROOF OF -14 RELATIVE To THE ASSERTIONS,
.19 +28 .21

UNPROVED RIMS, +21 .28 .15 .18 .16 .15 .18 +12 .11 .16 .7 +2 .1
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UNPROVED SYNTAX LEMMAS, —IS —15 —11 —16 —2

qudi

prove —15;
PROVING —iS
Ii. list , 12: lIst

~
— usrge (hl ,I2) list

type ill

NEW GOALS.

11)
I1:ll st ,l2: fist
SI. Ii * NIL
~

— srge(l1,12) . list

SIMPLIFIES TO.

TRUE

12)
1 1 : 1 s t , 12.1 1st
Si Ii , cons

~
— u.erqe(l1,I2) : list

SIMPLIFIES TO.

TRUE
PROOF OF —15
UNPROVED RULES: +21 +28 .19 .18 +16 .15 +14 .12 .11 .16 .7 .2 .1
UNPROVED SYNTAX LEIIItAS. -1* -11 -11 -2

Red ;

rule .22
y . I Is t _of _cons
~

— t.ngth (palr_psrg.(y)) C sucCiength(y))e~TRUE1
.22 ACCEPTED

prove •1j
PROVING .1
y. Jo In
Si suc IZERO) C i.ngt lt (y)
I- Iength (pair_oer ,e Cy)) c Iength(y).~TRUE

Induct yf

NEW GOALS.

(1)
y. Jo in
51 suc (ZERO) C Iengtlt Cy)
11 ty’.JoIn

Si y ’ C 
~#2 euc(ZERO) c l.nqth(y ’)

I— length(palr_osrqs(g’)) c Is nqth(y ’)e~TM~ )
~

— length (palr_mergiCy)) C len tlt(y).TRUE

SIMPLIFIES TO:

y. II. I ls t _.f _cens,y.hd.cdr : I lst ,g.hid. c ar:natnus,y. Js in
51 ZERO c iengtlt (y.t I)
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Si Iy’:Join
Si y’ c JolnCcons(y.hd.car,y.Isd.cdr),y.tI)
52 sucCZERO) c Iengthly ’)

~
— lsngth (pair psrgeCy’)) C lsngthCy ’)e~TRUE)

~
— len g th (tlC lls t _of _costs case of y. tI $ NIL: joinCeons(y.hd.car ,y.hd.cdr),NIL)

Join: Join(ssr,._o.ne(cons(v.hd.car,y.hd.cdr),00nu(V. tI.hd.car,y. tf.Itd.cdr
)) ,pair _perge (y. tI .tl))l)) c l.nqth (y .tl )

1 GOALS REMAIN TO SE PROVED

CURRENT GOAL.
y. t I: I Ist _of_cons,y.hd.cdr. I ist ,y.hd.car,natnus,y. joIn
St ZERO c Iengt hty.ll)
£1 Iy’.JoIn

Si y’ c Joln(cons(y.hd.car,g.hd.cdr),y.tI)
S2 suc (ZERO) c length(y ’)
~

— Iength(pair ..perge (y’)) c Iength(y ’)e~TRUE1
~

— I sngthCtl(list _of_c.ns case of y .tl I NIL. JoinCcons Cy.hd.car,y.bd.cdr),NIL)
join: Join (.srgi_cons(cons (y.hd.car,y.hd.cdr),consCy.tl .hd.car ,y.tl.hd .cdr

)) ,palr _m.rge (y.tl.tl ))I)) C iengt hCy.t l )

type y .t l I

NEW GOALS.

(1)
y.tl:Iis t _of _cons,y.hd .cdr.list ,y.hd.car:natnum ,y: jo in
Si y . tl  • NIL
52 ZERO c lenqth(y.ti )
Li ty’.Join

Si y ’ c Join (cons(y.hd.car,y.hd.cdr),y.tl)
S2 sucIZERO) c length(y ’)
~

— lengthCpalr_msrge(V’)) c lengt h(y ’)s>TRUEI
~

— iength(tltlist _of_cons case of y.tI I NIL: JoinCcens Cy.hd.cor,y.hd.cdr),NIL)
Join: Joln (m.rgs_cons (cons(y.Itd.car ,y.hd.cdr),cons (y . tI.htd .car,y. tl.hd.cdr

)) ,paIr ._pergs (y.tI. tl ))I) ) c hength (y. tI)

SIMPLIFIES TO.

TRUE

(2)
y.t I:  I lst _of _cons,y.hd.cdr . I Ist ,y.hd .car .natnum ,y. join
Si y . t I  : Join
#2 ZERO c l.ngth (y.tI)
Li (y’:Joen

Il y’ C jolntconsly.hd.car,y.lwl.cdr),y.tI)
S2 sucC ZERO) c lengt hCy ’)
~

— ieng th Cpa ir _.ergeCy ’)) c length (y ’).>TRUE)
I— I.ng thCtl (llst _of _cons case o f ~.t I I NIL: Join(cons(y.Isd.car ,y.hd.cdr ) ,NIL)

join. Jo ln(.srg._cens (cons (y.hd.car ,y.hd.cdr) ,c.ns(y. t I .hd.car,y. ii .M.c~~)) ,palr _.erqe(y.t l.t I))l)) ~ Isnqth(g.tl)

SIMPLIFIES TO.

TRUE
PROOF OF +1 RELATIVE TO THE ASSERTIONS.
.22 .2

UNPROVED RULES. .22 +21 +28 .19 .18 .15 +15 +14 .12 +11 +19 .7 +2
UNPROVED SYNTAX LEMMAS: -IS -Il -IS -2

qed ;

prove .21
PROVING +2
I i. Join
J— pair~~srqeCll ) • Join

L -_ -----~~-. ~~— - . .  -.- ---
- — — -
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CURRENT COAL:

(1)
II. Jo in

~
— pafr_.erge (Il) • Join

SIMPLIFIES TO:

TRUE
PROOF OF .2
UNPROVED RULES: +22 +21 +29 +19 .18 +16 +15 +14 +12 +11 +19 .7
UNPROVED SYNTAX LEMMAS: —18 —11 —IS —2

q.d;
rule +23
x na tnuO, y: natnus
Xi not I.qual(x ,y)
~

— IequalCy,x).,TRUE;
.23 ACCEPTED

rule .24
natnus, xl: cons, x2, cons

St ordered_cons(cons (n,xt))
#2 ordered _cons Ccone (n, x 2))
~ — lequa l Cn,car(ssrgi_cone(xi,x2 )) ) s .TRUE;
+24 ACCEPTED

prove .18;
PROVING +18
xi,cons,x2,cons
51 ordsr ed_con s(x l) 4
52 ordered_cons (x2)

— ordered_cons (mes gi_cons (xl , *2)) .>TRUE

Induc t sus_ Ienqth(xI,x2)I

NEW GOALS.

Ii)
xi:cens,x2 ,cons
51 ordered_cons Cxl)
12 ordered _cons (*2)
81 Ixi’ ,cons ,x2’scons

Si sua_ lenqth(xl’,x2’) c sus_iengtlt(xi,x2)
S2 or dered _cons (x l’)
53 ordered_con s(x 2’ )
~

— ordersd_cons(ssrge_cons(xl’ ,x2’))e TRUEI
— ordered _cons (.erg._c.ns Cx i ,x 2)) uTRUE

SIMPL IFIES TO:

xl.cdr , Ii st ,xt.car:natnus,xI.cons,x2.cdrsIl s% ,x2.os,,na tnu.,x2sc.n,
Si •rd.rsd _co ns (co nsCx l ces ,x l.cdr ))
#2 ordered_cons (cans (*2. car , x2.cdr))
Li (xi’ :cons ,x2’:cons

Si su~ _ length (xi’,x2’) C sus_IengtNCcone(xI.car,xi.c*),c.n.(x2.c*-,x2.cdr))
#2 ordered_cons (x l’)
13 ordsred_consCx2’)

— ordered_eons(msrge_cene(x1’ ,x2’ )).~TRUI3
ordered _con. (.ss~ e_cens (eons (xl • ear, xl • c~~) ,cons (*2. car, *2. c*)))

1 GOALS REMAIN To SE PROVED

CURRENT COAL.

~

‘L

~

• . . ~- -~~~~~~ • 
_
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xl. cdr : list , xl. car: natnum, xi. cons, x2. cdr: list , x2.car: na tnu.,x2icons
Si ordered_cons(cons(x1.car ,xl.cdr))
52 ord.r~ ‘_cons (cons Cx2.car,x2.cdr))
Ii txi’ :c: .‘,xZ’:cons

Si a- 3thCxi’ ,x2’) c suu_ Isngth (cons(xi.car ,xl.cdr),cons (x2.car,x2.cdr))
#2 ~ cons(x~~)
#3 ori~. ~. onsCx2’)

~
— o,-di ~

_cons(.srge_cons(xI’,x2’)).>TRt*)
~

— ordersd_~onsCmerge_cons (consCxi.car ,x1.cdr),cons (x2.car,x2.cdr)))

typo equal Cx i .ca r ,x2.ca r ) I

NEW GOALS:

Ii)
xl.cdr: ils t ,xi.car:natnuu,xi.cons,x2.cdr.list,x2.ca,:natnu.,x2:cons
Si IoquaI(xl.car ,x2.car) : TRUE
12 ordered_cons(cons(xi.car,xI.cdr))
53 ordered _cons (cons (x2.car , x2. cdr))
81 lxi’ ,cons ,x2’,co ns

Si sum _ length (xi’ ,x2’) c su._ iength (consCxi.car ,xl.cdr),cons(x2.car,x2.cdr))
52 ord.red_cons (xi’)
#3 ord.red_cona (x2’)
~ — ordered_cons Cmerg._cons (xl’ ,x2’)).>TRUE)
ordered _con .(merge _cons (cons(xi.car ,xi .cdr),cons(x2.car,x2.cdr)))

SII1PL I~ IES TO:

xl. cdr : l is t  , xi. car : natnum , x2. cdr :ll st , *2. car .natnum
Si tequai(xi .car ,x2.car)
52 ord.r.d_cons(cons (xi car,xl.cdr))
53 ord.rsd_cons Ccong(x2.car ,x2.cdr))
81 (xi’,cons,x2’,cons

51 .ua_ Ieng t hCxi ’ ,x2 ’ ) C sum_ IengthCcons (xi.car ,xl.cdr),cons(x2.car,x2.cdr))
#2 ordered _cons (xl’)
53 ordsred_cons(x2’)
I— ordered _cons (Serge _cons (xi’ ,x2’ ) ).>TRUE)

I— ord.r.d_cons(cons(xi.car ,.erge(xi.cdr,consCx2.car,x2.cdr))))
(2)
xi .cdr , I l st ,xl.car ,natnum ,xl ,cons ,x2.cdr, iI st ,x2.car.natnu .,x2,con.
Si lequa~ Cxi.car,x2.car) • FAL SE
52 order.d_cons(cons(xI.car,xi.cdr))
#3 erder.d_cons (cons(x2 .car ,x2 .cdr))
81 (xl’ ,cons,x2’,cons

Si sum _ lsngth (xl’ ,x2’) C su*_ iength(cons(xl.car ,xi.cdr),cons(x2.cai ,x2.cdr))
52 order.d_cons(xi’)
53 ordered_cons (x2’)
~ — ordered_cons (msrge .cons(xl’ ,x2’ ))—>TRUEI

~ ordered _consC.erge_cons (cons (xl.car,xi.cdr),cons (xZ.car,x2.cdr)))

SIMPLIFIES TO.

xi. cdr : list , xi. car . na tnuu, x2. cdr: l ist , x2. car.natnu.
Si not lequalCxl.car ,x2.csr)
#2 ordered _eons (cons (x1.car ,xi .cdr))
53 ordered _cons (cons (x2.car ,x2 .cdr))
Li Ixi’ :cons,x2’,cons

Si suo..Ien g th Cx l’ ,x2’) C sue_ l.ngtlt (cons(xi.car ,xi.cdr),cons(x2.car,x2.cdr))
52 ordered_cons Cxi’)
#3 ordered_cons Cx2 ’)
- ordersd_cons(oerge_ cons(xt’ ,x2’ ) )..TRUE)

~
— I f  lequa l (x2 .car ,car ( l Ist  cas. of x2.cdr I NIL: cons(xl.car,xl.cdr ) cens,

usrge_cons(cons(xi.car,xl.cdr) ,cons(x2.cdr.car ,x2.cdr.odr)) I)) then
ordered _eons (cdr (merge_cons (cons (xl. car , xi .cdr ) ,oenu (x2..ar,x2.o~~)))) e lse
FALSE

____________ ______ - —  - ~~._ . — ._ .—-. .~~~~~.._ -.-.- -—--- —
~
-
~~~~~~~~~
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~~~

—-
~~~ 

~~~~~~~ - - = - 
- --
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2 COALS REMAIN TO BE PROVED

CURRENT GOAL:
xi.cdr , I ist ,xt.car:natnus,x2.cdr. I ist ,x2.car.na tnue
SI lequa t Cxi .ca r ,x2 .car )
#2 ordered_cons (cons (xl.car,x1.cdr))
S3 ordered_cons (cons Cx2.car,x2.cdr))
Si Ixl’.cons ,x2’:cons

Si su m_ l.ngth (x l’ ,x Z’ ) c su._ lsngth (cons (xi.car ,xi.cdr),cons(x2.car,x2.cdr))
52 ordered_cons (xl’)
#3 ordered_cons(x2’)

— ordered _cons (merge_cons (x l’ ,x 2’ ) ) .>TRUE I
I — ordered _cons (cons Cxi.oar,.etqe(xl.cdr,consCx2.car,x2.c*))))

type xl.cdr l

NEW GOALS:

113
xl.cdr: I Ist ,xl .car :natnum ,x2.cdr, Iist ,x2.car:natnu.
Si xi.cdr : NIL
#2 Isqu.l(xi.car ,x2.car)
#3 order.d_cons(cons(x i.car ,xl.cdr))
#4 ordered _cons(con.(x2.car,x2.cdr))
11 txl’,cons ,x2’,cons

51 sum_ iength (x l ’ ,x2 ’ ) c su._ lsng t h(cons (* l.car ,x l.cdr ) ,cons(x 2.car ,x2.cd r))
#2 ordered _cons (xl’)
#3 ordered_cons (x2’)
I— ordered _cons (merge_ cons Cxl’ ,x2’ ) ).>TRtIEI

~
— prdered_cons (cons (xi.car ,.erge(xl.cdr,con.(x2.car,x2.cdr))))

SIMPLIFIES TO:

TRUE

12)
xi.cdr : I lst ,xl.car,natnuu,x2.cdr , I lst ,x2.car:natnus
Il xi.cdr : cons
12 lequa l (xi.car ,x2.car)
#3 order.d_cons (cons Cxi .car ,xl.cdr))
54 orderad_cons(cens(x 2.car,x2.cdr))
Ii (xl’.cons,x2’,cons

Si su~_ length (xi’ ,x2’) C su._I.ngth(cons(x l.car,xl.cdr ),cene Cx2.oir,x2.cdr))
52 ordered _cons (x l’)
IS ordered_cons (x2’)

— ordered_cons Cmsrge_csns Cxl’ ,x2’ ) ) .>TRIx)
~

— ordered_cons Cc.ns(xi .car,Mrqs(xl.edr,cons(x2.car,x2.cdr))))

SIMPLIFIES TO.

TRUE
1 COALS REMAIN TO SE PROVED

CURRENT GOAL .
xi.cdr, I ls t ,xl.car:natnu*,x2.cdr: I lst ,x2.car:na tnum
#1 not lequa l (xi.car ,xI.car)
52 ordered_cons (cons Cxl. car ,xi. cdr))
13 ordered_cons (cons (x2.car ,x2.cdr))
Ii txi ’,cens ,x2’:cons

11 sum_I.ngth(xl’,xl’) C sum_ length (consCxl.car,xl.cdr),cons(x2.car,x2.cdr))
#2 ordered_cons Cxl’)
#3 ordered_cons(x 2’)
I — ordered_cons (serge_cons (xi’, x2’ I) .>TRIf I

~
-. If Iequa I Cx2.car,car (llst case of s2.edr I NIL. coneCxl.oar,xl.cdr) cons.

• merge_cons (csne(xl.cmr ,xl.odr) ,censCx2.e*.cas ,x2.cdr.cdr))U) then
ordered_cons Ccdr (mer ge_cone Coons Cx1.ear,xl.c*) ,cene (x2.ear,x2. c*)))) e lse 

—--- ,-.~~~~~~~~~~ .- -. -- .-~~~~~~~~ 
- -  ..

~~
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FALSE

type x2.cdr l

NEW GOALS:

113
xi.cdr, I ist ,xl.car ,natnue,x2.cdr , I lst ,x2.car.natnue
Si x2.cdr • NIL
52 not Iequa l Cxi.car ,x2.car )
53 ordersd _cons (cons (xl.car ,xi.cdr))
IL order.d_cons (cons(x2.car,x2.cdr))
Ii Ixi’ :cons ,x2’ :cons

SI su._ I.ngth (xi’,x2’) c sum_ lsnglh (cons(xl.car,xl.cdr),consCx2.car,x2.cdr))
12 ordered_cons (xl’)
S3 ordersd_cons (x2’)

— ordered_cons (merge_cons (xl’ , x2’ ) I ..TRUE)
I— If lequa l (x2.car ,car (IIst case of x2.cdr $ NIL: consCxl.car,xl.cdr) cone.

merge_consCcons (xi .car,xI.cdr),cons(x2.cdr.car,x2.cdr.cdr))I)) then
ordered_cons (cdr (merge_cons (cons (xl. car ,xi. cdr) ,con. (*2. car, *2. c*)))) else
FALSE

SIMPLIFIES TO:

TRUE

(23
xl.cdr: llst ,xi.car,natnu,,x2.cdr, IIst ,x2.car.natnum
51 x2.cdr : cons
12 not equa l (x i.ca r ,x2.ca r )
53 order.d_cons (cons (xi.car ,xi.cdr))
IL order.d_cons(cons(x2.csr,x2.cdr))
Si txl ’ :cona ,x2’,cons

51 sum_ I.ngth(xi’ ,x2’) C •u._ l.nqth (cons(xi .car,xi.cdr),cons (x2.car,x2.cdr))
#2 ordersd _cons (x l ’)
#3 ordered _cons (x2’ )

• I— order.d_cona (merge_cons (xl’ ,x2’))~~TRUE)

~
.. If Iequal(x2.car,car (llst case of x2.cdr $ NIL. cons(xi.car ,xl.cdr ) cons,

merge_cons(cons (x l.car ,x l.cdr ) ,co nsCx 2.cdr .car ,x 2.cd r.cdr )) l)) then
ordered_cons Ccdr (msrge_cons(cons (xl.car ,xl.cdr) ,cons(x2.car,x2.cdr)))) slam
FALSE

SIMPLIFIES TO.

TRUE
PROOF OF +18 RELATIVE TO THE ASSERTIONS ,
.23 .29 .24 .19 .21

UNPROVED RULES. +24 .23 +22 .21 .21 .19 .16 .15 .14 +12 .11 .1* .7
UNPROVED SWITRX LEMMAS: —15 —11 —15 —2

qed ;

prove .22;
PROVING .22
y.I 1st _of_cons

~
— Iength(palr_ erge (y)) c suc(Ieng th(jg)).>TRUE

Induct y l

NEW GOALS:

(11
y. iis I_of _cons
51 y . NIL
11 Ig’:Ilst _sf_cons 

- - - .- -. - ..- .-~~~~~~~~~ - - - -  .- - -----_- _- - _ ~~~~~~ -— -~~~-~~ -- - - -. --- .-~~~
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Si ~i’ C
— IengthCpair ..psr gsCy’)) c suc(Iength(y’))s IRUE)

~
— IengthCpalr _psrge(y)) C sucClength (y)).TRUE

SIMPLIFIES To:

TRUE

(2)
g: l ist _of _cons
I! y • Joi n
Si (y’.Ilst _ef _oons

Si V ’ C 
~

~
— Iength(paIr_psrge(y’)) C sucClsngthCy’)).~TRUE)

~
.- l.ngth(pair_psrg.(y)) c suc(lengtlt(y))aTRUE

SIMPLIFIES To.

y.II: llst _of _cons ,y.hd.cdr: Ii et ,y.hd .car.natnum
Li Iy’.llst _of _cons

Si y’ c Joln(cons(g.M.car,y.hd.cdr),y.tl)
~ 

Iength(palr..psrgs(y’)) C suc(Iength(y’fl.~TRUEI
~

— Iength(tlClIst _of _cone case of y.tI I NIL: join (cons (y.hd .car,y.M .ca ,NIL)
Join: Join (merge_c.ns (cone (v.hd.car ,y.hd.c~~) ,cons(y.t I .hd.car ,y. t I .hd.cdr

)) ,palr psr,s(y.t l . t l) ) I) )  c suc(lsngth(y.ti))
1 GOALS REMAIN To SE PROVED

CURRENT COAL :
y . t l s  lIst _•f _cone,y.ltd.c* : Ilst ,y.M.car .natnum
Li (y’,il st _of _csns

51 y’ c j.ln(cons(y .hd.car,y.hd.cdr ),y. tl)
• ~

— iength(paIr_psrge(y’)) c suc(isngth(y’)).~TRUE)
(~~ 
length(tf(IIsI_.f ...cons case •f ~.tt I NIL: Joln(c.ns (v.hd.cav ,y.hd.c*.),NIL)

Jo in: Jsin(.ergs_cens (cone(y.hd.car,g.hd.c*),c.me(y. tl.ltd .car ,y. tl.hd .cdr
)) ,palr_psrgo(g.tI,tI))I)) c sucClsngthCg.tI))

type y.tIl

NEIl GOALS.

(1)
V.’’: Iist _sf_cons,y.Pid.cdr: llst ,y.hd.ca.r.natnsa
Si y.Il : NIL
$1 t~ ’.IIst _of _c.ns

Si $~
‘ C join(con.(v.hd.car,v.hd.c*.),v .tl)

~
— fength(p.Ir_psrgeCy’)) C suc(IengthCg’))a~T!UE)

~
— Iength(tl(IIst_pf _~ene case of v .tl I NIL: JOIn (cons (g.Pid .car,y.hd .cdr),NIL)

j o In: jein Cmerge_c.ns (o.ns (~.hd.car,~ .hd.c*),c,ne(g. I I.hd..ar,g. I f.hd.s*
)) ,pa lr_psrgsCg.tl .tI))l)) c sucClength(g.II))

SIIIPtIFIES TO:

TRUE

(23
y.t l i l ls t _of _cons,y.hd.cdrilist ,y.l.d.car,n.tnu.
51 v.11 • JoIn
Si (y’:lluI _ef _cen.
Il 

~
‘ C jsin(coneCV.hd.car,y.hd.cdr),y.tl)

~
— Ien,th(palr.psr,s(V’)) e suc(Iength(y’))i TRUI)

~
— IengIN(tICllst _.fjun. cam. of y. tI I NIL. j .ln(cone(y.hd.car,~ .hd.e*),NIL)

Jo in, jeIn (morgs_esns(o.ns (y.hd.car,y.hd.c*),c.ns(y.tl.hd.sar,g.tl,hd.c~
)) ,palr_psrge(g.II.tI))l)) c suc(IengIliC~.tI))

9IIWLIFIU TO:

.

~

i :1±.... i~i.L
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TRUE
PROOF OF +22
UNPROVED RULES: +24 +23 .21 +29 +19 .16 .15 .14 +12 +11 .15 .7
UNPROVED SYNTAX LEMMAS. -16 —11 -ii —2

Red ;
prove .24;
PROVING .24
n:natnum,xi:cons,x2:cons
Si or dered_cons(cona(n,xi))
52 ordered_cons(cons(n ,x2))

~
— loqua l (n ,car(.srge.cons(xl ,x2))).)TRIJE

type l equalCcarCxi),carCx2))l

NEW GOALS. :1
11)
n:na t num,xi ,co ns ,x2 :co ns
51 Iequal(car (xl),car(x2)) . TRUE
52 ord.rsd_cons(cons(n ,xl))
S3 ordered_cons (cons C::, *2))
~

— lequa l (n,car(.srge_cor.(x1,x2))).TRUE

SIMPLIFIES TO:

TRUE

121
n:natnua,xi,cons,x2,cons
Il Ioqu .I(car (xI),cerCx2)) • FALSE
12 ordered_cons (cons (n, xi))
53 ordered_cons (cons (n, x2))
~ — Ioqua l Cn ,carC..rge_con s (xI,x2 ))) .TRUE

SIMPLIFIES TO:

TRUE
PROOF OF +24
UNPROVED RULES. +23 +21 +29 .19 .16 .15 +14 +12 .11 .15 .7
UNPROVED SYNTAX LEMMAS, —16 —11 —IS —2

qed ;

program perm2 ;
functIon append(l1.Ilst , I2 :Ilst) , list S

list case Ii of
NIL. 12
eons. cons(car(Ii),app.nd(cdr(li),I2))

a
THE FOLLOIIING FUN( g ONS lIRE UNDEFINED.
sum_ length
permutation
I equal

rul s .25
n:natnu.,x , I lst ,V . I st
Si peruutstlon(x ,y )
~

— permutatIonIcons(n ,x),cons(n,~)).,.TRlj(;
.25 ACCEPTED

rule .26
m:natnum,n,natnum, Iii Ist ,x, I lst ,y, I 1st
~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~,apeend(x ,y)))j
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.26 ACCEPTED

prove +15 1
PROVING .15
x.cons ,y.CO ns
I— peruutat lonCme rge_cons(x,y ),append (x ,y)).’TRIJE

CURRENT GOAL .

U)
x.cons,y.cons

~
— permutatIon (merge_cons Cx ,y),append(x,y)).TRUE

SIMPLIFIES TO:

x.cd r.I Ist ,x.car :natnum ,x :cons,y .Cdr.IIs t ,y.C$r.natnUm ,$f.CO ns

~
.- psrmutatlori(.srgs_conslcons(x.car ,x.cdr),COflsly.Car ,y.Cdr)) ,cOfls(x .edr,aPPefld

lx. cdr ,con.(y.car ,y.cdr))))
1 GOALS REMAIN TO BE PROVED

CURRENT COAL .
x .cdr .Ilst ,x.car:natnUm,x:cons,y.Cdr:llst ,Ij.Car.flatflum,qe ofls

~
— pormutat Ion (.srge_cons(cons(x.car,x.cdr),cons(y.car,y.Cdr)),COns(x.Car,aPPend

(x.cdr ,cons (y.car ,y.cdr))))

I nduct sum _ l.ngth(cons(x.car,x.cdr),consCy.eIr,9.cdr))I

NEW GOALS:

(ii
x .cdr .Iist ,x .cer :natnum ,x.cons ,y.Cdr. Ii st ,9.Car.natnum ,y.Cons
51 (x.cdr ’,I l st ,x.csr’:natnuuu’,x’.con$,y.Cdr ’t tl *t ,q.Car’lna*nue,V ’tcOfl$

Il sum_ Iength(cons (x.car’ ,x.cdr’),cons(y.car’,y.cdr’)) C sus_ I.nqth (eons (
x.car,x.cdr),cons(y.car,y.cdr))

~
— psrwtation (msrge_constcons (x.c.r’,x.cdr’),COns(y.Car’,tJ.edr’)),cOnII

x. car ’ ,append (x.cdr ’ ,con.(y.ear’ ,y.edr ’) )))~‘ TRUE3

~ permu tation (msrge_consCconsCx.car ,x.cdr),cone Cy .car,V .cdr)),cOne (’t.car ,aPPUfld
(x.cdr ,cons ly.car,y.cdr))))

SIMPLIFIES TO:

x.cdr :tlst ,x.car:nalnum ,y.edr:lIst ,y.Car:flatnUm
LI tx.cdr ’.il st ,x .car ’:natnum ,x icons ,y.Cdr ’:lIS t ,y.Car’*flatnUe ,V ’$COns

Si sum_ Iength (cons Cx.car ’,x.cdr ’),cons(y.clr’,y.cdr ’)) C sue_ lsngthCcons (
x.c.r,x.cdr),cons(y.car,y.Cdr))

~
— permu tatlon(mer gs_conslcens (x .car ’ ,x.cdr’),cons (y .car’,y.cdr’)),cons(

x . car ’ ,appendCx .cdr ’ ,cons Cy.car ’ ,y.cdr ’) )) )u~TRUE)
~
.. permutation (merge_cons (cons (x.car ,x.cdr) ,cons (y.car,y.cdr) I ,cons (x.car ,app.nd

Cx. cdr , cons (y . car ,y . edr ))))
1 COALS REMAIN TO BE PROVED

CURRENT GOAL.
x.cdr t I Ist ,x.car,natnuM,y.cdr: I ist ,y.car:natnum
41 1x,cdr ’:list ,x.car ’:natnum,x’:cons ,y.cdr ’:llst ,y.car ’:natnum,~’:cuns

Ii sum_ Iength (con s (x .car ’ ,x.cdr’ ),cons(y.car’ ,y.cdr’)) C sum_ lengthCcsns (
x.car,x.cdr),cons(y.car,y.cdr))

~
— permut.tlon (merqe_consCcone(x.ear’,x.cdr’),eOnI(y.car’,y.cdr’)),cone(

x.car’ ,.ppendCx.cdr ’,cons(y.car ’,y.cdr ’) )))a ’TRUE)
— permutation (merge_ eons (cons (x.car , x.cdr) ,00ne (y.car,y.cdr) I ,cons (x.car,ppend

Cx. cdr , eons 
~~ 

car , v. cdi))))

t ypo equa l (x .car ,V .car) l

NEIl GOALS.

_____ 

I
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(1)
x. cdr : l is t , x. car, na tnum , y. cdr : list , y . car : natnum
Si lequal (x.car ,y.car) : TRUE
Li tx.cdr ’:lIs t ,x.car ’,natnum ,x’:cons,y.cdr’:ils t ,y.car’.natnum ,y’*Cofls

Si sum _ I.ngth(consCx.car ’ ,x.cdr’),cons(y.car’,y.cdr’)) C sum_length(cons(
x.car,x.cdr),cons(y.car,y.cdr))

~
— permutat ion(merge_cons(cons(x.car ,x.cdr’),conI(y.car’,y.Cdr’)),cOns(

x.car ’ ,appsnd (x.cdr ’,cons (y .car ’ ,y.cdr ’)))).,TRUE J

~
— permutat ion (merge _cons(eons(x.car ,x.cdr ) ,cons(t.$.car ,y.Cdr)) ,COns(x .Car ,aPpend

Cx . cdr , cons (y. car , y. cdr) ) I)

SIMPLIFIES TO:

x.cdr: I t st ,x.car:natnum ,y.cdr: lI st ,y.car.natnum
li lequal (x.car ,y.car)
Si Ex.cdr ’:Iist ,x.car ’:natnu*i ,x’:cons ,y.cdr ’.lI st ,q.car’:natflu*,$J’.cOfls

51 sum _ Isngth(con;(x.csr’,x.cdr’),cons(y.car’,y.Cdr’)) c su._ Iength (oons(
x.car,x.cdr) ,cons(y.car,y.cdr))

~ 
permutat ion (merge _cons (cons(x.car’,x.cdr’),conl(y.car’ ,y.cdr’)),cons(
x.cer’ ,appsnd (x.cdr ’ ,cons(y.car’,y.cdr’)))).>TRUE)

~
— permutattonCcon. (x.car,merge(x.cdr,con.(V.car,V.cdr))),COns(x.CIr,aPPond(

x. cdr , cons (y. car, y. cdr)))

12)
x .cd r : l is t ,x.car:natnu m,y.cd r:l ist ,y.car.natnUm
Si Isqua l (x.car ,y.car) : FALSE
Li 1x.c dr .IIs t ,x.car ’.natnum ,x ’:cons,y.cdr ’:IIst ,y.Car’:natnum ,y ’:COns

51 sum _ len gth (cons (x.car”,x.cdr’),cons(y.car’,y.cdr’)) C sum_ I.ngth (cons (
x . car , x. cdr ) , cons (y. car , y. cdr)

I— permutation(merqe_cons (consCx.car ’,x.cdr’),con$(y.car’,t$.cdr’)I,cOns(
x.car’ appsnd(x.cdr’,consCy.car’,y.cdr’)))) .TRUE)

per mutat ion (merqe _cons (cons(x.car ,x.cdr),cons (y .ear ,y.Cdr)),COns (x.Car ,append
(x . cdr , cons (y . car , y. cdr) I) I

SIMPLIFIES TO:

x.cdr :tist ,x.car:natnum ,y.cdr .list ,y.car.natnum
Si not Iequa l (x.car ,y.car)
Li (x.cdr ’,lIs t ,x.car’.natnum ,x’:cons,y.cdr’:Iist ,V.car’.natnum ,tJ’.cOnS

51 sum_ Iength (cons (x.e.r ’,x .cdr ’),cone (y.car ’,y.cdr ’)) c uum_ lsng th (consC
x . car , x. cdr I , cons (y. car , y. cdr )

~
— permutation(msrge_cons(cons(x.car’,x.cdr’),cona(y.car’,y.cdr’)),cons(

x.car ’ ,append (x.cdr ’,cons(y.car ’ ,y.cdr ’) ) ) )a TRU(J
~

— p.rmu tat lon(Ii st case of y.cdr I NIL. cons(x.csr ,x .cdr) cons: merg._cons C
cons Cx .car ,x.cdr).cons(q.cdr.car ,y.cdr.edr))l ,cons(x.car,eppefld(x.Cdr,tJ.cdr)
I)

2 COALS REMAIN TO BE PROVED

CURRENT GOAL.
x.cdr: I ist ,x.car.natnus,y.cdr . li st ,y.car:natnu*
Si lequa l (x.car ,y.ear)
Si (x.cdr ’:ll s t ,x.car ’.natnum ,x ’:cons ,y.c dr ’.lI et ,y.ca r’,natnum ,g’tCo ns

Si su*_ iength (cons (x.car ’,x.cdr ’),cons(g.car’,y.cdr’)) c sum_ lsngth (cons(
x.car,x.cde) ,cons (y.car,y.cdr))

~
— permutat lon(merqe...cons(cons(x .car ’,x.cdr ’) ,cons(y.car ’,tJ.cdr ’)) ,Cons(

x .car ’ ,append (x .cdr ’,consC y.car ’,y.cdr ’))))..TRUE I
I— p.r.utat ion(cons(x .car ,merge(x .cdr,cons(g.ear ,y.cdr))) ,eons(x.car ,appsnd(

x. edr , cons Cy. eer,y.cdr))))

t ype x.edr l

NEW COALS:

11)
x.cdr , I Ist ,x.car:n.tnum,y.cdr. Iis t ,y.car .natnuu

I. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.—-.~~ - . -



.-~ .--~ --~ --~ - - , —~~~~~
.

A 1.3 Examp le 3: Total Correctness of Sorting by Merging Page 116

Si x.cdr . NIL
#2 lsqu al (x .car ,y .car )
Li (x.cdr ’.lIst ,x.car’,natnum ,x’.cons,y.cdr’SlIs t ,y.car’*natflum,y ’.cOns

51 sum _ lon gth (co ns (x .car ’ , x .cdr ’) , cons ( y .car ’ ,y.cdr ’ )) c sum_ leng t h (cons (
x. car , x. cdr ) , cons (y. car , y. cdr I

~
— permutation Cmsrge_eons(cons(x.car’ ,x.cdr’),cons(y.car’,y.cdr’)),cons(

x . car ‘ , append Cx. cdr ’ , cons (y. car ‘ , y. cdr ’) ) )  ).>TRUE)
permutat Ion (cons Cx. car, merge Cx. cdr,cons (y. ear,y. edr))) ,cons (x. ear, append

x .cdr ,cons(y.ear ,y.cdr))))

SIMPLIFIES TO:

TRUE

(21
x.cdr: 11t ,x.ca r:natnum ,y .cd r :t is t ,y.car,flatflU*
51 x.cdr : con.
52 isqual (x.ca r ,y .cer)
Si (x.cdr ’:I lst ,x.car’:natnum ,x ’,cons,y.cdr’.li$t ,y.car’:flatflUm,y’.COns

Si sum _ l.ngth(cons (x.car’,x.cdr’),cons(y.car’,y.Cdr’)) C sus_ Iength (cons(
x. car , x. cdr ) ,cons (y. car , y. cdr I I

J— permutation(merg._cons(cons(x .car ’,x.cdr ’) ,cons(y.car ’,y.cdr ’)) ,cons(
x . car , append Cx. cdr ’ , cons (y. car’ ,y.cdr ’))  I ). >TRUE)

~
— per mutat lon (cons(x .car ,merge (x .cdr,cons(IJ.Csr,y.cdr))),cofls(x .car,app efld (

x.cdr ,cons(y.car ,y.cdr))))

SIMPLIFIES TO:

TRUE
I GOALS REMAIN TO BE PROVE D

CURRENT GOAL:
x.cdr: iist ,x.car:natnum ,y .cdr .iist ,y.car :natflum
51 not Iequal (x .car ,y.car)
Li (x.cdr ’:Il st ,x.car’,natnum ,x ’,cons,y.cdr’.IIst ,y.car ’:natnum ,y’:cons

Si sum ..Isngth (cons(x.car’,x.cdr ’),cons(y .Car ’,y.Cdr ’)) c sum_ Iengtlt (cons (
x . car , x. cdr) , cons (y. car ,y. cdr I

~
— per mu tation (me rqe_cons(cons (x.car ’ ,x.cdr ’),cons(y.car ’ ,y.cdr ’)),cons(

x .clr’ ,appendCx .cer ‘,cons (y .csr’,y.cdr ’)))).>TRUE)

~
— pe rmu tatlor.( Ilst ease of y.cdr I NIL. cons(x.car ,x.cdr) cons, merge_eons(

cons (x.car ,x.cdr) ,cons(y.cdr.car,y.cdr.edr))l ,cons(x.car,appendCx.cdr,y.cdr)
) )

type y .cdr l

NEW GOALS.

Ii)
x.c d r:li st ,x.car:natnum ,y.cdr .IlsI ,y.car.::atnum
Si y.cdr : NIL
12 not isqual (x .cae ,y.car)
LI (x.c dr ’.Ie st ,x.car ’:natnum ,x ’:cons ,y.cdr ’.Ilst ,y.c$r’•natnum ,y ’.cons

Ii sum_ Iength (cons(x.ear ’,x.cdr’),cons(y.car’,y.cdr’)) c sum_ Isnqth(cons(
x. car ,x. cdr) , eons (y. car , y. cdr)

~
— per .utationCme rge_eons (cons (x.car ’,x.cdr ’),eons(y .Car’ ,y.cdr ’)),cons (

x .car ’ ,append (x.edr’,coneCy.car ’,y.cdr ’))))u)TRUE)

~
.. per mu tat l o n C l i s t  ease of y.cdr I NIL: ccns(x.car,x.cdr) cons, merge_cons C

cone(x.car,x.edr),consCy.cdr.ear,y.cdr.cdr))l ,consCx.car,append(x.cdr,y.cdr)

SI MPLIFIES TO:

TRUE

(2)
x .cdr , I lst ,x .car.natnum ,y.c dr: I lst ,y.c ar .natnuu

-- - - - ,
~~~-— - - - - ~~--~~~

.-- . .- -~~~.
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Si y.cdr : cons
52 not lequa l Cx.car,y.car)
Li (x.cdr ’:ll$t ,x .car ’:natnum,x’:cons ,y.cdr ’:l;st ,y.car ’,natnum y P ,cons

Si sum_ Iangth(cons(x.car’,x.cdr’),cons(y.car’,y.cdr’)) c sum_ length (cons(
x.car,x.cdr),consCy.car,y.cdr))

I— permut atlo n(merge_co nst cons (x .es r s ,x.cdr~I,con s (y. cw~,y.c ~~r)) ,c~~s (
x.car ’ ,appendCx.cdr ’,cons (y.car ’,y.cdr ’)))).,TRUEJ

I— pe rm utat lon( II st case of y.cdr I NIL. cons(x.car,x.cdrl cons, msrge_cons C
cons(x.car ,x .cdr),cons(y .cdr.car ,y .cr.cdr))l ,cons(x.car ,append (x.cd..,y.c~.)
I)

SIMPLIFIES TO:

TRUE
PROOF OF +15 RELATIVE TO THE ASSERTIONS.
.18 .26 .17 .7 .25 .19 .26 .21

UNPROVED RULES. .26 .25 .23 +21 .29 .19 .17 .16 +14 .12 .11 .19 .7
UNPROVED SYNTAX LEMMAS. —16 .41 —19 —2

qed ;
prove 416;
PROVING .16
x : I l*t
P.. append Cx ,NIL).,.x

Induc t xl

NEW GOALS:

(11
x : l i s t
51 x : NIL
Si tx ’:lIst

51 x c x
~

— append(x’,NIL).x’ .~ TRUE I
~

— appund(x,NIL).x

SIMPLIFIES TO:

TRUE

(21
x :ll st
S i x :  cons
11 (x ’ : i i s t

Si x ’ C
~

— append (x ’,NIL).x’ s> TRUE)
I— pppsnd (x,N3L)~x

SIMPLIFIES TO.

TRUE
PROOF OF .15 RELATIVE TO THE ASSERTIONS:
.17

UNPROVED RULES. .26 +25 +23 .21 .25 .19 .17 .16 .14 +12 .11 .7
UNPROVED SYNTAX LEMMAS , —16 —ii —ii —2

qed ;

prove ,14 1
PROVING .14
x. I lst ,y, I ist ,zt list _of _cons
~

— append(x ,append(y, I fst_aPpend(z))).~appond(append(x,y), I Ist _appendCx))

Induc t xl 
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NEW GOALS:

U)
x: I st y: l is t ,., l is t _Of _cons
Si x i NIL
Si tx ’:II.r t ,y’.I lst ,z’,Ilst _of _cons

Si x ’ C x
~

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I •~~TRUE)
~

— appond(x ,app .ndCy, Ilst _append(zI)).appe nd(appond (x,y ) , l i st _appo,~~Cz))

SIMPLIFIES TO.

TRUE

(2)
x: I Ist ,y: ll st ,z, list _of _con,
Si x : cons
Si tx ’:Il s t q ’:lIst ,z’:lls t _of _con,

51 x ’ C x
~

— appe nd(x ’ ,append(y ’ , I l s t _append (z~))).appe ndCpp pend (x~,y :) , , ls t _pppo~~(5 :)
I s~ TRUE J

t— append(x ,appsndCy, lls t _appendCz))).append (appond (x,y),,is t _~~.~~(5,)

SIMPLIFIES TO:

TRUE
PROOF OF +14 RELATIVE TO THE ASSERTIONS.
.17

UNPROVED RULES: .26 .25 .23 .21 .29 419 .17 .18 .12 +11 .7
UNPROVED SYNTAX LEMMAS: -1$ .41 —iS -2

qed;

prove .ili
PROVING .11
x: lIst

~
— I st _append (drop(x)).i.x

I nduct xl

NEW GOALS.

(ii
x: list
S i x :  NIL
Si (x ’:lis t

51 ii ’ C x
~

— IIe t _append (drop (x ’)).x’ s. TRUE)
~

— iist _append(drop(x)).x

SIMPLIFIES TO.

TRUE

(21
x: I let
Si x ‘ cons
Si tx ’ , I I s t

SI x ’ C x
~

— Iist _append(drpp(x’)).x’ u~ TRUE)
i ... lI st _appondCdrop(x)).x

SIMPLIFIES TO:

_ _
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TRUE
PROOF OF .ii RELATIVE TO THE ASSERTIONS:
.17

UNPROVED RULES: .26 .25 .23 .21 .29 .19 .17 .16 .12 .7
UNPROVED SYNTAX LEMMAS: —16 -11 -IS -2

qed ;

prove .17’
PROVING .17
x: l is t

append (NIt.

CURRENT GOAL.

Iii
list

~
— appsnd (NIL ,x).x

SIMPLIF !ES TO.

TRUE
PROOF OF +17
UNPROVED RULES, 426 .25 .23 .21 .28 .19 .16 .12 +7
UNPROVED SYNTAX LEMMAS: —16 -11 —ii —2

qed ;

prove —11;
PROVING —ii
Ii. l I s t , 12: I lit
~

— •ppend(i1 ,l2) : list

Induc t Ii i

NEW GOALS:

Ii)
11 .1 1st , 12 :1 1st
Si Ii • NIL
Li Iii ’: I 1st , 12’ : I 1st

51 Ii’ C Ii
~

— append (li’,l2’) : lIst )

~
— append (li ,I2) . list

SIMPLIFIES TO:

TRUE

(2)
1 1:1 lit , 12: l is t
Si II : cons
LI (li ’ ,ll st ,12’ :Il st

Si Ii’ c Ii
f —  append (li’ ,I2’) : list )

~
.. app.nd (Ii,12) : list

SIMPLIFIES TO.

TRUE
PROOF OF -11
UNPROYEO RULES. .26 .25 +23 .21 .21 .19 .18 +12 .7
UNPROVEO SYNTAX LEMMAS. —16 —15 -2

qed1
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A 1.4 Example 4: McCarthy-Painter Compiler for Expressions

program mcp;

type Iocname s atom U natnum
type location s Iocatlon (Ioc . Iocnams , locval: Integer)
typ e state s NIL U locat lons (f lrst _ Ioc, locatIon, other _ locs. state )
type load a Ioad( loc _adr, locname)
type sto . stoCst o _adr . natnum )
type II s Il(arg , integer )
type add s add(add _adr : Iocname )
type instr 5 l oad U ito U II U add
typo code s NIL U lnst rs(flrst _ lnstr : Instr , other_ lnstrs : cods)

type •xpr , Integer U a tom U su mlex pri : exp r , oxpr2. sxpr )

functi on append(x ,code , y :cods). cod. s
cods cass x of

NIL: y
lnstrs , lnst rs(f irst _ Instr(x ) ,append (oth .r_ lnstreC x) ,y ))

declare function plusix : Integer , y:integer). Integer

function contsnts (I,locname ,s,state): integer s
stats case $ of

NIL. ZERO
locations: If I equals Ioc(flrst _ loc(s)) then Iocval (flrst_ioc(s))

else contsnts (l ,other _ Iocs(s))

functIon update(In:Iocnam ., Iv.Int.ger , •:state): stat. .
sta te case s of

Nil.: tocaalonst)ocatlon (ln ,lv),IIlL)
locations: If ioc (flrst _ Ioc(s)) equals In then

locat Ions C locat Ion ( in, Iv) , other _ lees (s))
else IocatIons (fIrst _loc(s),u~date(ln,lv ,other_Iocs(s))I

function step(l: instr , s .atats) . state s
Instr case I of

load , updat.12ER0,eont.nts (Ioc_adr (I),e),s)
sto ,  updats (s t o ..adr ( I) ,cont .nls (ZERO ,s) ,s )
II: upd at.C2ERO ,arq ( I) ,s)
add , updat.(2ERO ,pIus (con t ents Cadd _ad rCiI ,s) ,con t ents (~~RO ,s1) ,s)

functIon outeeme(c rcode, s,stats): state s
code case c of

NIL : s
instrs , outcome (oth.r_ instrs(c),stsp (flrst _ lnutr Cc),s))

funct ion coppll e(tcount:suc , e:.xpr): code s
expr case • of

lnt.ger. lnstrs(Il (e ) ,NIL)
ato m: instrsCioad (e ),NIL )
sum. append (append(complls(tcoun t ,.xprl(s)) ,

lnstrsC .to (tcount) ,coaplte (suc (tcount),sxpr2(s)))),
ln ,trsCadd (tcount) ,NIL))

func tIon value (e:expr , sis tate): integer s
expr case e of

Integer . e
atom: conte nts (e ,s)
sum: plus(vaius(expr1(s),s),value(expr2(.),s))

a
THE FOL L OW I NG FUNCTIONS ARE UNDEFINED.

plus
THE FOLLOW ING SYNTAX LEMMAS HAVE BEEN GENERATED BY THE PARSER: 

~.. . , .~~~~ 
.~~~~~~~~~~~
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I— i)
x :code ,y:code

~
— appendCx ,y ) : code;

(—2)
x :Integer ,y: Int.gor

~
— pt us (x ,y) : lntegs r~

(—33
I: Iocnamo ,s,s tate
I — contents (I ,sI : inte ger;

(—4)
In: Iocname , lv: Integer ,s.stat.
~

— updat stln ,Iv ,s) : stats~

(—5)
I: ni tr , 5: s a to
~

— step( i ,s) • stats i

(—63
C: code , 5,5 tate
~

— outcomeCc,s) : stat.;

(— 7)
tcount , suc ,e ,expr
I— compile(tcoun t ,eI • codei

f-a)
.:.x pr ,s:state

~
— valu .Cs ,s) t lntegsr j

theorem .1
n:suc ,o.sxpr ,s .state

~
— contents (ZERO ,outcome (co.pll.(n ,e),s)).velus Ce,s);

THEOREM 1 ACCEPTED

rule +1
It locname ,n, lntsger ,tt$ tate

~
— con ten t sC l ,updat.(l,n,s)).~np

.1 ACCEPTED

rule .2
ci: code , c2. code , 5: stats

~
— outcome (append(cl,c2),s).>outcome (c2,outcoss (cl ,s));

.2 ACCEPTED

rule .3
sue, e : expr ,e . state

— contents (n ,outco .s(eoaplleCsuc (n),e),s)).cont.ntsCn ,s)~

.3 ACCEPTED

rule .4
o:sxpr,e,cod.,s:s tat.

~
— va l ue(.,outeomeCe ,s)).>va l ue(e,s);

.4 ACCEPTED

I

- .,
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ruIs +5
e:expr ,n:natnum,v: lnt .get ,s.stats
~

— va l .aeCe ,update(n ,v,s)).>va lue (e ,s);

+5 ACCEPTED

prov. .1;

PROVING •i
sue , s: sxpr, s:s tat.

~
— eontentsCZERO,eutcom. (co~~lIs(n,e),s)).vaIu.(.,s)

Induct e 41

NEW GOAL S:

(1)
n:suC ,e .expr ,s.stat .
51 s : integer
Li (n ’ .suc ,e ’ :expr ,s ’ ,state

Si e’ C S
~

— con tentsC2ERO ,outc .ms (compIIsCn ’,.’),s’))i~va lus Co’,s’I)
~

— contentsC2tRO,outcom.CcoARllsCn,e),s)).value(e,s)

SIMPLIFIES TO.

TRUE

(2 1
ns sue , e: sxpr , s: state
51 e : Ito.
Si (n’tsuc,e’.expr ,s’,state

h o c.

~
— contents(ZERO,outcom.(co.pIls(n’,s’),s’)).>value(e’,s’)J

~
— contents (ZERO,outco..(csARll.Cn ,.),s)).value (e ,s)

SIMPLIFIES TO.

TRUE

(3)
n.suc ,e :expr ,s: stat.
Si e : sum
Ii (n ’:suc e’:sxpr ,s’,s tate

51 .‘ c e
I— conIents (ZERO ,outcoms (coAR i leCn ’,e’),s’)).~vaIus(e’,e’))

~
— content s CZERO,outeoW (ce~~l le(n ,.) ,s)).valus (s ,s)

SIMPL IFIES TO,

TRUE
PROOF OF .1 RELATIVE TO THE ASSERTIONS :
.1 .2 .3 .5 .4

UNPROVED RULES: .5 .4 .3 +2 .1
UNPROVED SYNTAX LEMMAS , -$ -7 -6 -S -4 —3 —2 -1

qed;

rule 46
ni: sum , n2. sue , s. expr ,s:s tate
hl nl c n2
~

— contents (nl ,outcou.(coup l leln2 e) ,s) ).,eontsnts Cni,s);
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.6 ACCEPTED

rule +7
Ii: Iocname , 12: Iocnams,ns integer ,s:stat.
Si 11.12

~
— contents(li ,update(I2,n,s)).>contentsCll,s);

.7 ACCEPTED

prove .31

PROVING .3

~
— contentsCn ,outcens (coARlIe (suc Cnp ,e),s)).,contents(n,s)

CURRENT GOAL .

113
n: sue, e: .xps , s, stat.
~

— contentsCn ,outco sCcoepile(suc(n),e),s)).eont.nts(n ,s)

SIMPLIFIES TO:

TRUE
PROOF Of .3 RELATIVE TO THE ASSERTIONS,
.6

UNPROVED RULES. .6 .5 .4 +2 .1
UNPROVED SYNTAX LEMMAS: —8 —7 -6 -5 -4 -3 —2 -i

q.d;

prove •Si

PROVING .6
nl:suc,n2.suc,o:expr,s:stat .
Si n i c n 2
I— contents Cni ,eutc...te.ARIIOCn2,.),s) .conI.nts(nI,s)

Induc t e 41

NEW GOALS.

U)
ni:suc,n2,sue ,o,.xpr,s:stafs
Si . I Integer
12 iii c n2
$1 Ini’ :suc,n2’.suc,.’:expr,s’:stats

h l .’ c .
12 ,t1~ C n2’

~
— contsntufnl’,outcoes(coARIIeCn2’,5’),s’)).,eontents(nl’,s’))

~
— con tents (ni,outcsoc CceAR IIsC n2 ,a) ,s ))econ tsnt s (nl,s)

SIMPLIFIES To:

TRUE

12)
n1:swc,n2:suc ,e:expr ,s:.tate
5 1e : a to.
t2nlcn 2

S

-— -

~

- --~~~~~- — - -
~~~~~
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11 fnl’ :suc ,n2’ssuc ,.’:.xpr,s’.state
51 0’ C S
#2 nI’ c n2’

~
— eont.nts(ni’,outcoms(eoARlIe(n2’,e’),s’))s contsntslnl’,s’))

~
— cont.nts(ni,outco..(co.plls(n2,s),s))scontents(nl,s)

SIMPLIFIES To.

TRUE

(33
ni:suc ,n2:suc ,e:.xpr ,s. stat .
51.: sum
52 ni c n2
Li (ni’ ,suc,n2’,sue ,e’:expr ,s’,state

Si 5’ C S
52 ni’ c n2’
~

— contentsCni’ ,outco..(coupile(n2’,i’) ,s’)).>contsntsthl’,s’))
~

— contsnts(nl,outeom. (coeupileCn2,s),s)).contsnts(ni,s)

SIMPLIF IES TO.

TRUE
PROOF OF .6 RELATIVE To THE ASSERTIONS.
.7 .2 .1

UNPROVED RULES: .7 .5 +4 .2 .1
UNPROVED SYNTAX LEMMAS: —1 —7 -S —s —4 —3 —2 —1
qed;
prove .1;

PROVING .1
I. Iocname,n, Integen ,s:state

~
— contents ( l ,update(I ,n,s)).,n

Induc t s .1

NEW GOALS:

(ii
I: locname ,n: lnt .ger ,s.state
S l s ,N I L
Li I I ’,Iocna..,n’.lntegsr ,s’.state

Su e s

~
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~

~
— cont.nts(l,updat.Cl,n,s)).n

SIMPLIFIES TO:

TRUE

12)
I: locname ,n: lnt .ge. ,s .s t ate
Si s , locations
Ii (I’. loename,n’: lnt.gsr,s’:stat.

Si s’ C 5

~
— eontents(l’,updatsCl’,n’,s’)).n’)

~
— conten tsC l ,updat. (l ,n,s)).n

SIMPL IFIES TO,

s .ot he, j oc s :state ,s .f l r s t _ loc . lscval: Integ.r ,s . f l rs t _ lec . lee, locna.e
, I: iecname,n: In teger

11 (I’:I.cna.s,n’:Integ.r,s’,stale
51 e c locatlsns(Iscatlon(s. f lrst Isc.Ies,s.f lrst _ Ioc.locvel) ,

~

-. - .--

~

- - --- - - - .—~~--- - — - -~ --- -- --~~~~~~~~~~~ -~~~~~

__
~~~~~

--
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s.othsr _ locs)

~
— contents(I ’ ,updats (I’ ,n ,s’)).n’I

~
— If I squals loc( flrst _ loc (If s.flrstjoc . b e  squals I then

locatlonsllocationtl ,n),s.other..bocs) .lse Iocatlons(locatlon (
s.f irstJoc . Ioc ,s. i Ivst _ Ioc. tocval) ,update(I ,n,s.othevJocs))))
then locval (flr .tjoc( If s.flrst _ Ioe. lee equals I then iocat lens

(location (I ,n),s.otherjocs) sIse Iocat ion sClocatlon C
s. flrst .. loc. loc,a. ‘lrst _ loc. locval) ,updat.(I,n,s.oth.rjocs))))
else content s (l ,othsr_ locs(lt s.flrst_boc.Ioe equals I then
locat ions( loc ltlon Cl ,n),s.othsr_ locs) SI.. locatlonp(Iocatlonl
s.f irs t_ Ioc . b c , s.f lrst_Ioc. Iocva I) , update (l ,n, s. otherjocs)))

1 GOALS REMAIN TO BE PROVED

CURRENT GOAL.
a. 0 ther _ locs: tat., s. f IrsI Joe. Iocva I. lnteger ,s.f Irs t_Ioc. be . locnaus

I: bocnam .,n: Integer
Si (I’ : locnam.,n’, intsger ,s’:state

SI s’ C Iocatlona(Iocatlon(s.flrst_Ioc.loc,..tlrstjoe.Iocval),
s.other _ Iocs)

~
— contents (l’,updat .Cl’ ,n’,s’)).~n ’I

~
— If I equals locCf irst .ioc(lf i.first _ boc.ioc squals I then

locat lo nsC loca tlon( l ,n),s.other _ Iocs) .ls. locatlon s (locatlon (
s.first _ loc .boc ,s.first _ Ioc.Iocvai),updat.(l,n,s.other_Iocs))))
th.n locv a lC f l rs t _ loe if s . f l rst _ loc. boc .quals I lh.n locations

(bocatl on(I,n),s.oth.r_ locs) else Iocat lons( locat ion C
s.flrs l _ ioc .Ioc ,s.flrstjoc .boc val) ,updat.C l ,n,s.otherjocs))))
else contsnt.(l ,oth.r_ Iocs(If s .flrstjoc.loc equals I then
iocat io nsC locat lon Cl ,n),s.oth.r_ Iocs) .Is. Iocat lons (Iocatlon (
s.f In t_ Ioc . b c , s.f irstjoc. Iocva I) ,update ( l ,n,s. other_lees))) ) un

type s .flrstjoc .loc equal. II

NEW GOALS,

Ii)
s.other_ iocs :stats ,s. fir s t _ b c .  loeval: Integer ,.. first _ Icc . lee: Iocnam.

I. Iocnams ,n: Integer
51 (s.f lrstjoc .ioc equals I) • TRUE
Si (I’ , iocnams,n’: lnteger ,s’.state

hI s ’ c loc at lon s(b oce tion Cs fIrst _ loc.I,c,s.tlrstJoc .loevaI),
s. ether _ locs)

~
— contentsC l’ ,update (I’ ,n ’,s’)).n’)

~
— If I equals ioc (fIrst _ boc (If s.firsljoc.Ioc equals I then

locat lonsllocat ionCl ,n),s.oth.r..Iocs) else Iocatlons (bocatlon (
s.flrst Ioc.Ioc,s.flrstjoc.locval),updatS(l,n,s.otherjocs))))
then Iocva l (flrst _ Io cC If s .flre t _ Ioc.Ioc equals I then locations

ClocationCl ,n),s.otherjocs) SIse locat lo ns lbocat ion f
5. f Irst _ lee. oc,s. flnstjoc.Ioc val) ,updat.(l ,n,s.stherjocs))))
sise eont.nts(l ,.ther _ becs(If s.f irst _ boc .boc equals I then

bocat lonsClocat lon( I,n) ,s.other locs) else Iocatlons(locltlon (
5. f lretjoc . lee ,,, f irst _ b.c. l.cval),updste(I,n,s..thet’,..lees)))).n

SIMPLIFIES TO:

TRUE

£2)
s.other locs :stat.,s. f irst _ b c .  Iocvab: lnt.gsr,s. firetj oc. lee. locna.e

, I: Iocnam.,n: Integer
Si (s.first _ Ioc.boc equals II . FALSE
LI (~~• locna.c,n’: intsger ,s’,stat.

Si 5’ c b est loneCbocat lents. fIrst_Is.. lee,.. lu st_lee. leeval),
S. other_ Ices)

~
— contants(l’ ,updat .Cl’ ,n’,s’)).,n’I

~
— If I equals locCfl rst _ ioc (lf s.flrstjse. bee equals I then

-— .
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boe at lons tl oca tl on (I ,n),s.other _ Iocs) else Ioeatbonsllocetlon f
s.first _ bec. Ioc ,s.flrst _ loc .Iocval) ,update (l ,n,s.oth.r_ Iocs))))
then locval (first _ Ioc (lf s.flrst lee, lee equals I then locations

(Iocatlon(I ,n),s.other,.bocs) 5155 bocatlonstlocation l
s . f l r s t jec. I o c ,s .f ln st jo c .Iocva l ) ,update fl ,n,s.othsr _loc s ))))
else cont en tsCb ,other _ lo cs C lf s.f Inst _ lee . b e  squabs I then
local bonsC leca tb on(l ,n),s.other _ bocs) sIs. Iocat ionsC bocatben (
s.firstjoc .boc ,s.flrstjoc.Ieeval),update (I ,n,s.othsr_ Iocs))))sn

SIMPLIFIES TO,

TRUE
PROOF Of .1 —

UNPROVED RULES: .7 .5 .4 +2
UNPROVED SYNTAX LEMMAS: —8 —74 —5 —4 -3 —2 —1

qed;

prove .2;

PROVING .2
ci :code ,c2:code ,s.state

~
— outcom.(append(cl,c2),s).outcom. (c2,outcs.s(cl,s))

Induc t ci 41 j

NEW COALS:

(1)
ci.code ,c2.cods,s.state
Si ci : NIL
Li ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

l id ’ c c l
~

— outco .eCappend (cl’ ,c2’),s’).>outce.s(c2’,ou teo.e(ci’,s’))1

~
— outcomeCapp.nd(cl ,c2) ,s).outcomsCc2,outcoee(cl,s))

SIMPLIFIES TO,

TRUE

(21
cl:cod.,c2:cod.,s:stats
Si ci , Instrs
Ii (cl’:code ,c2’.cods,s’:state

51 ci’ c ci
I— .utcomeCappend(c1’,e2’),s’)~>outeom.(c2’,oulc.m.(c1’,e’))3I— outcem. (apgend(ci,c2) ,s)eoutc ene(c2,outceu.Icl,s))

SIMPL IFIES TO.

TRUE
PROOF OF •2
UNPROVED RULES: .7 .5 .4
UNPROVED SYNTAX LEMMAS: —8 —7 —3 —5 —4 —3 —2 —1

qed ;

• prove .4;

PROVING .4
5t expr , code, s: state

• ~
— va b ueCS,outco.S(c,s)).>value(o,s)

—- -~~~~- - -~~~~~~---
. - — - - - - .-—- -~~~~~~~~~~~~ 
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Induct c .1

NEW GOALS.

(1)
e ,expr ,c:code,s:state
Si e . NIL
Li (e ’ ,sxpr ,c ’ :code ,s ’ .state

hi c’ c c
~

— va l u.Ce’,outeom.(c’,.’))u.>va fue Cs’,s’)l

~
— valueC.,outcom.Ce,.)).value(e,.)

SIMPLIFIES TO:

TRUE

123
e:expr ,c:code ,s.s tat.
Si C • lnstr s
Li £.‘ :expr ,c ’ .cod e ,s ’ :state

Si C ’ C C

~
— valu .Ce’,outco.eCc ’,.’))—> va lue (S’,s’)I

~
— value(s ,outco.e(c,s)).vabue le ,s)

SIMPLIFIES TO:

c.o t her _ lnstr s :co de ,c. f irstjnstr: in.tr ,.,expn ,s,state
Ii (e’,expr ,c’:code,s’:state

Si c’ c Instr s (c.flrstjnstr ,e.ethsrjnstrs)

~
— va lu.(s’,outes.efc’,s’))s,va l ue (e ’,s’))

I— valu. (e,stsp (c.flrst _ lnstr ,s))uva ’as(e,s)
I GOALS REMAIN TO BE PROVED

CURRENT GOAL.
c.eth.r_ lnstns ,code ,c.flrst _ ln$tr : lnstr ,s..xpr,s,state
LI fe ’ :sxpr ,c ’ .ced.,s ’ :ata b.

SI c ’ c instr . Cc .f i rst _ lnstr ,e.ethsr _ bn.tns )

~
— va lue(S ’ ,out cs.s(c’ ,.’))e>v I b Ue Ce’ ,s ’))

~
— vabueCe,stspfc.flrst_instr,e)).valus(e,s)

typo c,flrst_In,trl

NEW GOALS:

113
c.ethsr_ lnstrs :code ,c. f Irst _ instr . lnstr ,S:expr ,s ,s t ate
Ii c.finst _Instr : load
Li te’ssxpr ,c’:code,s’:state

#1 c’ c lnstra Cc. I lrstJnst~,c.othsi-Jnetrs)

~
— value Ce’,outcs.s(c’,s’))u.>value(e’,s’)I

I— vabue (s ,s ts p (c. f l rs t Instr ,s )).valueCe,S)

SIMPLIFIES To:

TRUE

(2)
e. st her_ instrs .cods ,e. f irltjnstrl lnstr ,e :expr ,eieta t e
Si o . f b r et _ lnstr : ste
Si Is’:.xpr,c’:c.de,.’:state

Si c’ c lnstrsie.firstJnstr,c,ethsp_iblstrs)

~
— v.luel e’ ,SutsSSs Ce’ ,U’))EVSIUO (S’ ,$’))

~
— ve lus Cs ,etsp Ic. fins t _I.,str ,s))uvsi t ie (e,s) 

— - -— —  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ - —  —~~
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• SIMPLIFIES To.

TRUE

(33
c .other _ lnstr .:code ,c. flrstjnstr. Instr ,e:expr ,s :etate
Si c .fl r st _ instr : II
Li Is’.sxpr ,c’:cods ,s’.state

51 c’ c ln strsCc.f lrst _ Instr ,c.other _ instrs)

~
— va lusCe ’ ,outcom .Cc ’,.’)).,va l ueCe ’,s’)3

~
— va l ue (e ,stsp (c.first _ Instr ,s)).va lu.(e ,s)

SIMPLIFIES TO:

TRUE

(4)
c.otber _ Instrs,cod .,c.fi r s t _ in str ,lnstr ,e ,expr ,s:state
SI c . f l r s t _ instr : add
Li (S ’,expr ,c’:cod.,s’,stat .

Si c’ c lnstrs (c.first_ instr ,c.oth.r_Instrs)

~
— va lue(e ’ ,outcoue(c ’ ,s ’ )) . v al ue(e ’ ,s ’))

v alueC. , s t . p (c . f l rs t _ instr ,s )) .va lus(e ,s)

SIMPLIFIES TO.

TRUE
PROOF OF .4 RELATIVE TO THE ASSERTIO N S:
+5

UNPROVED RULES: .7 .5
UNPROVED SYNTAX LEMMAS : -8 — 74 -5 -4 -3 -2 —1

qed ;

prove +5;

PROVING .5
e:e.pr,n :natnum ,v: Integer ,s :state

vs bus Cs , update In, v, s) )~>va Ii.. (5 , s)

Induc t 5 4 ?

NEW GOA LS.

(11
e :expr ,n:natnu*,v, int.ger ,s.stat.
Si a t ntSger
Li (e ’:expr ,n’:natnum ,v’:IntegSr ,s’:stats

51 e’ c e
va bue C.’ , update Cn’ , v’ , s’ ) ).va Iue Ce ’ ,s ’

va bus (e ,updats In, v, s) ).vaiu. Ce , 5)

SIMPL IFIES TO:

TRUE

(2)
Stexpr ,n ,natnus,v, lnteger s :state
Si S : atom
LI (e ’ :exp n ,n’ ,natnum ,v ’ : bnteger ,s ’ ,stat.

Si 5’ C S

~
— va l usCe’,updats(n’,v’,s’)).~va IueCs’,s’)1

~
— v.lu.(e,update(n,v,e)).value(e,s)

J

~~~~~~~~~~~~~
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SIMPLIFIES To:

TRUE

133
•..xpr,n natnu ,v: lnteg.r,s.stat.
Si S
Li ts’.expr ,n’:natnus,,v’.Intsgsr ,s’.stat.

5 1 5 c c

~
— vabueC s ’ ,updat.(n’,v’,s’))u>va lu.Cs’,s’)l

~
— va b us(e ,update (n ,v ,s)).va lue (.,s)

SI MPLIFIES TO:

TRUE
PROOF OF .5 RELATIVE TO THE ASSERTIONS.
.7

UNPROVED RULES: .7
UNPROVED SYNTAX LEMMAS: —8 —7 -8 —5 —4 —3 —2 —i

qed ;

prove .7;

PROVING .7
Ii: Iocnam., 12: Iocname,n: Integ.r ,s :s t ats
Si 11.12

~
— contents fli ,updatslb2,n,s))s,.cont.ntsCIl,s)

Induc t 5 .1

NEW GOALS.

(i)
Ii, bocnas., 12, Iocnase,n: Int.gsr,s.stats
Si s : NIL
S2 11.12
Li t Ii’ :Iocnas.,12’.IoenIue,n’:Integer ,s’.stat.

Si 5’ C S

S2 Il’ .12’
~

— contents(li’ ,updateCI2 ’,n’,s’))a~c.ntents(l1’ ,s’)I

~
— contentslll ,updatsll2,n,s)).contentslll,s)

SIMPLIFIES TO.

TRUE

12)
Ii: Iocna ., 12: Iocnas.,n, integer,s,stats
Si s : locatIons
#2 11i 12
Li Eli’ : Ioena,., 12’: locna.e,n’.lntegsr,e’s.tate

hi •‘ C 5
12 li’uiI2’
~

— eontents( I1’,updatefl 2 ’,n’ ,.‘)).,.cont.ntsCIl’,s’)l

~
— contentsCli ,updatsll2,n,s)).eont.ntsCll,s)

SIMPLIFIES TO:

s.othsr_Iocs,.tat.,s. I Init,.bsc. leevab: Integer ,.. I lrstJsc. I.e. boenim.
, Ii: boenim., 12: bocnau.,s. Integer

Si 11.12
Li II1’~ b scna..,l2’s ioenams,n’t In*eg.~,s’istats

- — ---- =~~~~
-
~~~~-— .~~--- -~~- ~~~~ •~~~ ---~~~~~~~ -—,-——-~-
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Si s’ c iocat lons ( loc at lon(s . f l rs t _ loc.Ioc ,..fln.t _ bo e. lo cvab ) ,
s.oth.r_ locs)

52 Ii’1i12’
cont.rits (Ii’,update (12’ ,n’,s’)).>contentslll’ ,s’))

~
— If U equals bo c l f l r s t _ loc( If  s.ffrst_ Ioc .loc equals 12 thSn

Iocatlo nsllocation (12 ,n),s.oth.r_ bocs) Sbse bocat lonsllocat lon(
s. fbr .st _ Ioc. boc ,s. f b r s t _ Ioc . Iocva l) ,updat e (l2 ,n ,s .othsr_ Iocs))))
then Iocval(flrst _ Iocl if s.first _ boc .Iec .quabs 12 th.n

bocation s (locat ionll2 ,n),s.other_ locs) •I.. locatlonsllocatio n l
s.f Irs t ..l oc. Ioc ,s. f irat _ loc. Iocval) ,update(i2,n,s.other_bocs))))
.1.. cont .ntsCll ,other_ locs (If s.flnst _boc . lee squais 12 then
Iocatlons(bo catlon (I2,n),s.other_ locs) else bocat lonsllocatbon (
s. first _ b c .  b c ,.. firstjoc . locva l) ,update(I2 ,n,s.other_ bocs))))u
i f  ii •quabs a.I#r.t _ boc. loc then s.Iirst _ Ioc.locva l els.
con ten Is C Ii ,s. o than_ b c.)

1 GOAL S REMAIN TO BE PROVED

CURRENT GOAL:
s.other _ Iocs ,stat. ,s. I Inst _ b c .  Iocva i , Integer ,s. f Irstjoc. led: Iocnam.

,I1: Iocnam., 12: bocname,n, Int.ger
51 11.12
Li (li’ :iocnamS ,I2’:iocname ,n’,i ntegsr ,5’:statS

Si 5 ’ C Iocatlons (Iocatlon (s.first _ lOc . I*v ,s.flrst _ Ioc.locval),
s .o th er_ bocs)

52 I1 ’ uiI2’

~
— con t .ntstil’ ,update (12’ ,n’ ,s’)).contents( Il’ ,.’))

~
— If II squall Io c (fi rst _ boc(I f s . f l r s t _ Ioc . lee equals 12 then

lo cat lons lb ocat lonll 2 ,n),s.othSr _ Iocs) Siss lecatlons (location(
s.flrst _ boc.boc ,s .tir st _ Ioc .boeval ) ,updaf.(12,n,s.othsrjocs))))
then locva lt flrst _ b oc (If s .fl rst _ b oc .boc equals I? th.n

fecatlons(f ocation(fZ,n ,a.oth.r_ lecS) •lsa local ons ( locat lonf
s .first _ loc .boc ,s.fIrst _ c.~uc~aI),update(l2,n,s.other_ lOC5))))
else content slll ,otp,en_ locs (lf ..Ilrst _ Ioc.Ioc equals 12 then
Iocatlons(locat ion(I2 ,n),s.othsr_ Iors) else loc.tionsllocatlon l
5. fIrst _ b c .  lec ,s.flrst _ Ioc. Iocva l) ,updat. (I2 ,n,s.otherjecs)))).
If II equals s.flrst _ Ioc. Ioc then s. flrst _ loe .bocva l Sbse
content slli ,s.othenjees)

type s.fl rst _ loc .boc equals 121

NEW COALS.

El)
s.other_ Iocs:stats ,s.flrstjoc.loeval.lnteger ,s.flrst _ Ioc.lOd.bocnam.

,Ii: locname , 1 2. Iocname ,n: i nteger
Si Cs-fIrst _ lee . foe equals 121 • TRUE
S2 11.12
Li (li’ :locname ,l2,b ocnam e ,n’,lnt.ger ,s’.state

Si . c bocatbons(becat Ion(s .first _ lod.bec ,s.first _Iec.Iecval),
s ,other _ loes)

#2 Ii’ iil2’
I— cont .ntsCIl’ ,updat.(b2’,n’,s’)).>contents(Ii’,s’))

~
— If Ii equals boc~ f lns t _ loc (lf s. f l r s t _ Ioc. lee equals :2 then

ioc a tlons( ioca :Iontl2 ,n).s.other _ bocs) else Iocitionsllocatlon (
s.f irs ‘_ Ioc . b c  , s .f Irs t _ loc . Iocva I) ,updat .C l2,n, s. other _ lees )))

then o c va l ( f l r s t _ l oc CiI  s . f l r s t ... Ioc . Ioc equals 12 than
Ioca tlons (bocatbonlb 2 ,n),s.othSr_Iecs) else becations(bocmtbon (
s .flr st_ Ioc.Iec ,s.tlnstjoe.Iocval),updats (12,n,s.other_boc.))))
s lse  contents (I1,oth.njocs(lf s.f Inst _ bee . lee equals 12 then
b oc a tlons (b oca tion (t2 ,n),s.otherjoce) sise becat lon sllocation l
s.f i rst _ loc .bec ,s .fbn stjoc .Iocval),update(I2,n,s.othen _ bocs))))u
If Ii equals s .flrst _ Ioc. lee then s.f lnst _ loc.leeva l •ls .
conte nt .( i i ,e.othir _ boc.)

SIMPLIFIES TO. 

.—-- .~~~~~~~~~ - -~ -~~~~~~~. - - . - - - -~~~~~~~“-
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TRUE

121
s. other_ lees: stat.,,. f Inst Joe. loeva I: Integer,s.$ Irst .,Ioe. b c :  Iscnaee

Ii: locname , (2. bocnam.,n: Intsger
SI (s first _ be c . bee squals 121 : FALSE
S2 11.12
81 1li’ :Iocnam.,l2’:locna.s,n’:Int.ger ,s’:stat.

SI 5’ C Iocatlons (locatbon (..flr.t _ boc.Ioc,s,flrstjec.bOcval),
s .ot her _iocs)

#2 I1’.12’

~
— contente (li’ ,update (I2’,n’,s’)).>contents (Ii’,s’)J

~
— If II equals bocC flrst _ Ioc (If s .first _ Ioc.boc equals 12 th.n

Ioc at lons( Iocat lon( l2 ,n) ,s.othsrj ocs) else bocationslbocatlon l
s.f)rstjoc.boc,s.flrst _ bOc.Iocval),updlt.(b2,fl,s.Othar_IoCs))))
then Iocvall flrst _ IocClI s .first _ Ioa. lee equals 12 then

locations (locatlon(I2 ,n),s.oth.rjocs) else locatbons (locatlon l
s.flrst _ Ioc.Ioc ,s.fir’st_ loe.bocvab),updats (12,n,s.othsr_locs))))
.lse contents (II,other_ iocs (if s.first _bec.Iec squabs 12 then
bocat lon slbocatbon (12,n),s.other_ locs) else Iocat ions lboc afbon (
s .f lrst _ Ioc .Ioc ,s.fln st _ b e c .Ioeval ),updat .C12,n,s.etbisr_ Iecs)))).
If II equals s .Ilnst _ lec .iec then s .flr st _ boc .Iocva b SI..
con ten ts C Ii , s. other_ l~~s)

SIMPLIFIES TO.

TRUE
PROOF OF .7
UNPROVED SYNTAX LEliPIAS. —8 -7 -6 —5 —4 —3 —2 —i

qsd ;

prove —1;

PROVING —i
x:cods,y:code
~

— appendCx ,y) : code

Induct xl

NEW GOALS.

£13
x :cods ,y :cede
St x s NIL
Li (x’.code ,y ’.code

SI )c ’ c x

~
— append(x ’,y’) : cod.)

~
— appendlx ,y) : code

SIMPLIFIES TO:

TRUE

(21
x.cod.,y:dode
SI x : In.trs
41 tx’*cede,:j’tcod.

Si 5’ C S

~
— appendCx ’,y’) $ cod.)

J — apçsndCx ,y) I coda

- - ~
.. ,—• —.. -.
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SIMPLIFIES To:

TRUE
PROOF OF —1
UNPROVED SYNTAX LEMMAS: -8 —7 -$ -.5 —4 -3 -2

qed ;

prove —3 ;

PROV ING -3
I. bocnam .,s ,state

~
— c ont e ntsCb ,s) • Int.ger

Induc t 51

NEW COALS:

(I)
I: Iocnams ,s:stats
Si s : NIL
Li Cl’ . locnase,.’:state

hi B’ C 5

~
— contentsC l ’ ,.’) • Integer)

~
— cont.nt.Ci ,s) • Intsger

SIMPLIFIES TO:

• TRUE

(23
I: locnams ,s ,state

• 51 s : location.
Li (I’ : locname ,s’,state

Si 5 ’ C P

~
— conte ntsC l’ ,s’) : Integer)

~
— con tsn tsC l ,.) : Integer

SI MPLIFIES TO:

TRUE
PROOF OF —3
UNPROVED SYNTAX LEMMAS. —$ —7 —S —5 —4 —2

qed ;

prove -4(

PROVING —4
In: loename , lv : Integer ,s:stat .
~

— updat sl bn , lv ,.) . state

Induc t Sb

NEW GOALS:

(ii
In: Iocname , Iv: in teger ,s,stats
51 . : NIL
11 EIn ’.tocnau.,Iv’:lnteger,s’:state

SI s~ C 

- -~~- - --
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$— updat. IIn ’ , Iv’ ,s’) : stats)
~

— updat.Cln, lv,s) : stale

SIMPLIFIES TO.

TRUE

(2)
in : locnams, iv: Integer ,s:.tats
Si 5 locatIons
Li (In ’:becnaus,lv’:lntsg.r,s’:stats

Si 5 ’ C 5

~
— updateCln ’, Iv’,.’) * stats )

~
— update (In ,Iv ,s) * state

SIMPLIFIES TO.

TRUE
PROOF OF —4
UNPROVED SYNTAX LEMMAS : -8 — 7 4  —5 —2

qsd;

prove —51

PROVING —5
I. Instr ,s :.t ats
~

— ste pC I ,s) : stat.

type II

NEW GOALS:
Ci)
I :bnstr ,s :state
SI I : load

~
— step(I ,sI . state

SIMPLIFIES To:

TRUE

(2)
I. In tr ,s:stat.
SI I : .10
~

— stspCl ,s) * state

SIMPLIFIES TO.

TRUE

(3)
I: lnstr ,.:state
Si I : Ii
~
.. st e p Cl ,s) • sl ate

SIMPLIFIES TO.

TRUE

(43
I: Inslr ,s:state
SI I : ad d
~

— st splb ,e) I state 

-
~~~~

-
~~~~~

— 
- -—- -- -~--- - - - ,.~~~~~~~~~~~~ ----~~~

-
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SIMPLIFIES TO:

TRUE
PROOF OF —5
UNPROVED SYNTAX LEMMAS : —8 —74 —2

qed ;

prove —6;

PROVING —S
c,code ,s :s t at s
~

— oulcom.Cc,s) * stat.

Induc t cl

NEW GOALS.

Ci)
code s, stats

Si c * NIL
Li Ic’.eod.,s’:.tat.

Si c’ C C

~
— outcomeCc’,s’) : slat.)

I— outcom .Cc,s) : stat.

SIMPLIFIES TO:

TRUE

(2)
c:code,s:state
hi C • Instrs
Li (c’.cod.,s’:stat.

51 C’ C C

~
— outcomelc’,s’) : state)

~
— outcom .Cc,s) : stats

SIMPLIFIES TO,

TRUE
PROOF OF -.8
UNPROVED SYNTAX LEMMAS. -8 —7 —2

qed;

prove —7 ;

PROVING —7
teoun t :suc,e..xpr
~

— co~~i leCtcoun t,s) : code

I nduct 5!

NEW GOALS:

Ii)
tcoun t .sue,e:expr
li e :  Integer
Li (teeunt’:suc,s’:expa 

- —.—~~~ -~~~~~~~~~~~~— -..—~~-——- — ---~~-- ~~~~---
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Si 5’ C S

~
— coeplb.(tc.unt’,e’) . cede)

I— co~~ibsClceunt,e) : cede
SIMPLIFIES To:

TRUE

(2)
tcount:suc,e,sxpr
hi s : a tom
Li £tcount’ :suc ,e’.expr

51 5’ C S

~ — compll eCt ceunt’ ,s’) . cods)
~

— co~~ll sC tcoun t ,S) code

SIMPLIFIES TO:

TRUE

13)
tcount :suc,e:sxpr
Si s sum
Li Itcount’ :suc,.’:espr
Ii 5’ C 5

~
— couplleCtcount’ ,S’) • cod.)

~
— eo.plleCtcount ,e) : cods

SIMPLIFIES To:

TRUE
PROOF OF -7
UNPROVED SYNTAX LEMMAS: -I —2

q.d;

prove —8;

PROVING —8
e:.xpr,s,s tat.

~
— va l ue (e,s) : Integer

Induct .1

NEW GOALS:

Ci)
e:ex pr ,s:state
hi e : Integer
11 Ie’.sxpr ,s’:stals

Si 5’ C 5

~
— valusCe’,e’) • Integer)

~
— v5lue(e,5) : Integer

SIMPLIFIES TO.

TRUE

£2)
•:exp,,s, state
hi e . atom
81 1.’:exp,,s’:stals

Sie ’ c e
J— vslusCs’,s’) • Integer)

- ~- . ~~~~~~~~ _ •.-•~4 ..-
_ _ •
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J— valu .Ce,s) : Integer

SIMPL IFIES To:

TRUE

£3)
s:expr ,s:state
hi 5 1 5U5
Li t.~,expr ,s.slate

#1 e’ c e

~
— valueC.’,.’) : Integer)

~
— ve lueC.,.) • Intsger

SIMPLIF IES TO.

TRUE
PROOF OF -8
UNPROVED SYNTAX LEMMAS: —2

qed;

Ii

L 
_ _ _ _ __ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _
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APPENDIX 2

TLV USER’S MANUAL

A 2.1 TLV Conventions

Before describing the commands accepted by the TYPED LISP Verifier , we need to define
some terminology and notation. All statements in TLV are divided into four parts:
I. Variable declarations.
2. Qjiantifier-free hypotheses.
3. Induction hypotheses.
4. Conclusion.

A variable declaration is simply a formula of the form v :  T where v Is a variable and
T is a type name. Every free variable appearing anywhere In a statement must be declared .
The only statements which may contain induction hypotheses are the intermediate goals
generated in the course of a proof. To permit easy reference to a some part of a statement,
quantifier free hypotheses are labeled .1, .2, ... and induction hypotheses are labeled & 1, &2,

At any intermediate point In a proof in TLV, there is a list of goals which remain to be
proved . These goals are labeled *1, *2, .. . Goal *1 is called the current goal.

Statements serving as theorems or lemmas are called assertions. TLV assigns every
assertion a unique assertion-name of the form •n, -n, or +n where n Is a positive integer and
the prefixes ., -, and + designate theorems, syntax lemmas, and user-specified lemmas,
respectively. Assertions are parsed by the verifier according to the following syntax.

assertion 

- --4
_ _ _ _ _ _ _ _ _ _ _  
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declarations

~ ~lLf variable f -{j] [t7Pe_nam~]_
_— —,

hypotheses

I ~~~~~~~~~~~~~~~~~~~~~~ 

numbe~j_J ~
j hYP

where each hypothesis is a formula and the conclusion is a formula rewrite pattern or anexpression rewrite pattern with the syntax :

expression rewrite pattern

• J expression f— ~~~~ 4 expression

formula rewrite pattern

4 
formula

J -{ m> 
F— 

-.-J f~ mula 
J- .~~~

The command Interpreter accepts labels of the form in preceding hypotheses so ft can parseassertions printed In the verifier’s standard output format. They have no semanticsignificance.

In TLV, formulas have the form:



.-_ _ -.-. .- - — ..—.-
~

.- _ - - .  
_——-.

~~~~
- _—_

~
-_ - -_  —._-_ -- . .-_ - _—_ —-——-_-- -- -. -- _ __ — - - . . .—_.-.—-
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-___ _ _ _ _ _
-—

LFJ

gy
f~~r~ ion

__4f~~~~~ J_ 
—iJ formula J ‘Eli

-Ei-

where the precedence of the operators in decreasing order of binding power is ~~~, A, v, a,.,
and the binary operators are right associative.

TLV commands which take formulas or expressions as arguments also accept specifiers
designating formulas or expressions in the current goal. Specifiers have the syntax:

specifier

i . 
~ 

~~~~operator

A specifier composed solely of numbers designates the formula or expression within the
current goal selected by the following rules. The first number of the sequence Is a code
indicating which part of the goal contains the specified formula or expression. Zero indicates
the conclusion; a positive integer I indicates quantifier-free hypothesis eL. Each subsequent

• number n (which must be positive) selects the nth operand of the currently selected formula
or expression. The final formula or expression selected is the one designated by the specifier.

A more useful form for a specifier includes an operator o~ naming the head operator of
the designated formula or expression (root of the standard syntax tree representation). The
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formula or expression designated by the the specifier • op n 1 . . n~ is the first formula or
expression with head operator op encountered in a left-to-right scan of the formula or
expression selected by the specifier . a 1 ... nk.

A 2.2 TLV User Commands

Now we are finall y ready to discuss the commands accepted by the verifier. Each command
name may be abbreviated by any initial segment of the name which uniquely identifies the
command. In the following list of commands, the symbol bar ( I ), pointy-brackets ( ç >
).braces ( I ,  } ), and square brackets ( I  ,]) are used as meta-symbols. Any symbol enclosed In
braces is optional. Symbols appearing within pointy-brackets and separated by bars are
mut ually exclusive alternatives. The bar symbol also appears as a terminal symbol in the
prove command without ambiguity since no pointy brackets surround It Finally, square
brackets denote the K~ ene closure of the enclosed sequence of symbols. The commands
available in TLV are

assume fe) number g 
I I>

Function: makes goal *number into a ru le.

consequence (formula spe c4fler> g b
Function: applies the consequence rule to goal * I using the specified formula.

clear g I I>
Function: reinitializes the verifier.

delete I hyp othesis-number J ( clnduction-h,p othesu-number 3 (11 1 >
Function : applies the hypothesis deletion rule to the specified hypotheses.

disable ( t~fu nctdon-name I assertion-name > ) q I I>
Function: disables the specified expansion ru les and lemmas until the next prove or
enable command.

enable [ (funct Ion-name I assertion-namø 3 <1 I
Function: enables the specified expansion rules and lemmas if they were disabled.

equals c(s) number I formula I spec1f lei~ (~ I -‘ (spe cifier ) q I D
Function: applies the equals ru le to the section of goal *1 indicated by specifier (if
omitted the entire goal Is specified) using equality-hypothesis .number or the new
hypothesis specified . The latter option also creates the extra goal of proving the
general-formula is a consequence of the goal hypotheses.

- - zs.~t_~~~~~__ — . - - -. ._ ~~~~~~~~~ --
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formula (formula I specifier> < ; I I>
Function: performs a formula split on goat * I using the specified formula.

Induct (ex~r.sslon spe Cif ier > (
~- I —~

) < 1  I>
Function: applies the induction rule to goal *1 using the specified expression as the
induction term. The optional pattern-specifier (the symbol ~ or -‘) makes the
induction-hypothesis into an expression ru le or formula ru le directed in the specified
di rection, if possible.

Instantiate (assertion—name I & number>
I expression J
g i l >

Function: applies the instantiation rule to goal * I using the specified assertion and the
terms provided in the exp ression—list. Note the expressions in the expression—list and
the final terminator (the symbol ; or I) are entered in response to queries by the verifier.

list <assertion—class assertion—name> <; I I>
Function: lists all assertions in the specified assertion —class or the single assertion
specified by assertion-name on the user’s terminal.

occurs < (a) number I expression I specifier> <~.j number expression specif ier g I I)

Function: applies the occurs rule to the two expressions indicated . The first expression
must be of the form t~ c t

2 and the second of the form c where t 1, t~ , t3 are
terms.

program f ile-name < ;l I>
Function: read s the program from the file fUe -name.pg Note: the effect of reading
several programs without performing an intervening clear command is cumulative. No
previous definitions are destroyed.

prove assertion-name ( I ( assertio n—name J ) q I>
Function: initializes the goal-list to the single goal specified by assertion—name and
disables the rules specified by the assertion-names following the bar symbol ( I ) .  The
verifier automatically disables any rules depending on the selected assertion or a
disabled rule.

rea d f ile-name g I I>
Function: reads commands from the fi le f ile-name.pf until an end-of—file or

• error-condition is encountered.

replace expression (by) variable-nam e : type-name g I 1>
Function: applies the replacement command to goal * I , replacing the specified

- 

-~ -~~~. - -

‘ - .-

~~~
•
~~

.., 
~~~~~~~~~
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expression by variable-name. 
.

rule assert ion g I I>

Function: creates a rule (lemma). An assertion with an expression rewrite pattern or a
formula rewrite pattern for a conclusion creates the specified expression or formula
rule. Similary, an assertion with a type expression for a conclusion creates the specified
type rule. An assertion with a conclusion of the form t 1 — t2 or t2 — t 1 where t~, t2 are
expressions and t2 is composed solely from constructors and constants creates an

expression rule with conclusion 
~~

> t~. An asser tion with conclusion v where r is an
expression (abbreviating a formula) creates the expression rule with conclusion t 1 ~~ >

TRUE. Any other assertion with conclusion a creates the formula rule with conclusion
a .> TRUE.

simplify (a) <number ’ ~ I t >
Function : simplifies only the hypothesis .number within goal * I.

show (number) < ; I b
Function: list the last number proof steps on the user’s terminal. If number Is ornmltted ,
all steps are listed.

status g I>
Function: lists the status of all assertions (theorems, lemmas syntax lemmas,
expression-rules. type-rules, and formula-rules) known to the verifier.

undo (number) <: 1 !>
Function: undoes all proof steps back to step number. If number is omitted, one step is
undone.

write (f Us—name) ci  !~
Function: writes all proof steps executed (but not undone) since the verifier was last
cleared.

Function: simplifies goal at .

A U Running TLV

The terminating symbol ; or I tells the verifier whether or not to simplify the new goals
generated (or If no new goals are generated goal *0. The symbol I Indicates that 

. -~~
- .- i•.•..

. -
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simplification shou ld be performed; the symbol ; indicates that simplification should besuppressed . However, simplification is never done after commands which do not generate
proof steps: clear, list, read, show, status, undo, and write.

To start the TYPED LISP Verifier (TLV), the user must call the function RESET (with no
arguments) from the top level of LISP, i.e. type

(RESET)
In response, the verifier will return the prompt symbol •, indicating it is waiting for a
command. To return to the top level of LISP, the user simply types the symbol ~ followed by
a carriage return. To reenter the verifier from the top level of LISP after exiting orencountering a system error, the user simply calls the function REE (with no arguments).
Unlike RESET, REE does not destroy the previous state of the verifier.

_ _ _ _ _ _  _ _ _  _ _  -•~~ - - ~~~ . .
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A 2.4 TYPED LISP Syntax Error Messages

2.4.1. Minor Errors

The parser continues parsing normally despite the ocurrence of errors from the list below.

ERROR NUMBER EXPLANATION

-I The previous character in the input stream is invalid. The parser
skips and ignores the character.

—2 The actual type of the preceding expres sion does not intersect its
allowed type.

— 3 In an enumeration , the preceding constan t has alread y appeared in the
list—of—co nstants.

-4 The function-name specified in the preced ing function-declaration has
alread y been declared earlier In the program.

—5 The current function-definition conflicts with the declaration of the
same function-name earlier in the program.

2.4.2. MaJor Errors

The parser recovers from the following errors by skipping the remainder of the definition orassertion containing the error and resuming parsing at the beginning of the nex t definition orcommand in the input stream.

ERROR NUMBER EXPLANATION

2 A type-name must head a case-alternative.

S An Incorrect type-name heads the current case-alternative.

1 The symbol must follow the type-name heading a case-alternative.

5 In a cue-expression, case must follow the type-name heading the
expression.

- ~~~ r--~ .- — ~- -~~~~ . ‘
-- -

~~~~~ 
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simplification should be performed; the symbol ; indicates that simplification shou ld be
suppressed. However , simplification is never done after commands which do not generate
proof steps: clear, list, read, show, status, undo, and write.

To start the TYPED LISP Verifier (TLV), the user must call the function RESET (with no
arguments) from the top level of LISP, i.e. type

(RESET)
In response, the verifier will return the prompt symbol ., indicating it is waiting for a
command. To return to the top level of LISP, the user limply types the symbol • followed by
a carriage return. To reenter the verifier from the top level of LISP after exiting or
encountering a system error , the user simply calls the function REE (with no arguments).
Unlike RESET, REE does not destroy the previous stale of the verifier.
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6 In a case-expression , of must follow the index expression .

7 In a disjoint-union , more than one component type—name must appear .

8 In an If-expression, then must follow the boolean expression.

9 In an if-expression, else must follow the consequent expression.

10 In a function-call, the symbol ) or , must follow an argument.

I i  In the preceding function-call, there are too few arguments.

12 A term must begin with an identifier , a constant, or the symbol (.

13 In the curren t expression , the preceding variable-name is not defined .

14 In the curren t expression, the preceding identifier is not defined.

15 In the a function -call, the symbol ( must follow the function—name.

16 In the preceding function -call, there are too many arguments.

17 At the beginning of a definition, either type, function , or declare must
appear.

18 In a constructor definition , a selector-name must head a selector—field.

19 The preceding identifier heading a selector-field has alread y been
defined .

20 In a constructor-definition , the symbol : must follow a selector-name.

21 In a selector-field, a type-name must follow the symbol :.

22 The preceding type-name is undefined . Forward type references are
permitted only in selector-fields within recursive-unions.

23 The parser was forced to abandon translattngthe current
case-expression because of a syntax error in the definition of the
case-type-name. 

~~- - - - . ---~~~ 
—-
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24 In a constructor—definition , the symbol ( must follow the
constructor—name.

25 In a constructor-d efinition , the symbol ) must follow the
selector—field—list.

26 In a type—definition , an identifier must follow type.

27 In the current type—definition , the preceding identifier has alread y been
defined.

28 In a type-definition, the symbol • must follow the defined—type—name.

29 In an enumeration , a constant must follow the symbol (or ..

30 In an enumeration , the symbol ( must follow the list—of—constants .

31 In a type-definition , the symbol ( or a type—name must follow the
symbol ..

32 In the current type-definition , the preceding type-name is undefined.

33 In the current disjoint-union or recursive-union, the preceding type
intersects another type in the union.

35 In the constructor-definition-list within a recursive—union , an
undefined identifier serving as a constructor-name must follow the
symbol U.

36 A bracketed-expression must end with the symbol J .

37 In a function-definition, an undefined identifier must follow function.

39 In a function -definition , the symbol ( must follow the function—name.

40 In a parameter-list within a definition or assertion, a variable—name
must appear at the beginning of the list and following each ,.

42 In the current par ameter-list, the preceding variable—name appears
twice.

43 In a parameter-list, the symbol z must follow a variable-name.

___
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44 In a parameter-list, a type-name must follow the symbol:.

46 In a function-definition or function-declaration , the symbol ( must
follow the parameter-list.

47 In a function-definition or function-dechratton, the symbol must
follow function ( parameter—list ):.

48 In a function-definition or function -declaration, a type-name must
follow function type-name ( parameter-list): .

49 In a function-definition , the symbol . must precede the the expression
forming the body of the function.

50 The current function-definition conflicts with the declaration of the
same function-name earlier in the program.

SI In a function-decimation, function must follow declare.

52 In a type-test, a type-name must follow term:.

*0-1 In a assertion or induction-hypothesis, the delimiter must precede the
consequent.

102 In an atomic-formula a type-name must follow the predicate symbol :.

i03 The predicate symbol .> must not appear in an assertion which is not a
rule.

104 In an atomic-formula, the only infix-predicates permitted are * -‘: •.
C -‘C .

105 A parenthesized-formula must end with the symbol).

6.5 TYPED LISP Verifier Command Errors

If the command parser detects an error while reading from the user terminal, it skips to first ;
or l followlng the error. If the parser finds an error in a proof flle, it closes the file and
sekct.s the user terminal for Input 
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ERROR NUMBER EXPLANATION

Illegal command name.

2 A number was expected, but not found .

S The selected goal does not exist.

4 No goals exist, the preeding command is inapplicable.

5 The selected h ypothesis is not an equality formula.

6 The preceding specifier does not Identify an expression.

7 The preceding specifier does not identif y an formula.

8 The selected hypothesis does not exist.

9 The selected hypothesis is not an implication.

10 The type of the induction expression is not recursive.

11 The selected assertion or induction hypothesis does not exist.

12 The selected assertion depends on the assertion being proved.

13 Illegal assertion—name.

14 The selected hypothesis is not an occurs formula.

15 The selected hypothesis Is not an or formula.

IS A proof is in prcgress the prove command is Illegal.

17 The selected assertion has already been proved.

18 Illegal variable name.

19 The symbol :1* expected following the variable-name In a replace
command.

20 Illegal type-name.

- -.
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‘ 21 The type of the specified expression cannot be split

22 No proof steps exist.

23 The specified file-name is not a lower-case-identifier.

24 The symbol -. or - is missing in an equality command.

25 The symbol s> is used illegally within a ru le.

26 The type of the specified expression does not intersect the type of the
Instantiated variable.

27 The selected lemma cannot be instantiated because it contains induction
hypotheses.

28 A program command In a command file generated a syntax error.
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APPENDIX S

CALL-BY-VALUE FIXED-POINTS

One of the most popular models of computation is the least fixed-point approach to semantics
originated by Kleene tKleene 1952) and refined by Scott (1970, 19711 Park (1969], Mim er
(1973], and others. Least fixed-point semantics interprets a function defined by a recursion
equation as the least fixed-point of the the functional associated with the right side of the
equation. In other words, If f is defined by the recursion equation:

X~)• v(x 1, ... ,

then f is interpreted as the least fixed-point of the functional y*(fJ defined by

r*(fX x i ...
~ 

x~) — i(x 1, ... , x 1~)

using the standard partial ordering on partial functions. Of course, suitable restriction must
be placed on the domain of data values and on the base functions appearing in v for the
least fi xed—point to exist (See Milner 1973, Manna 1975].

Unfortunately, the least fixed -point interpretation for a function defined by a recursion
equation frequently differs from the standard call—b y-value interpretation used in most
programming lan guages. Some computer scientists have been so impressed by the elegance of
the least fi xed—point interpretation for recursive functions that they have called the
call—by—value interpretation incorrect! My own view is that while least fixed—point semantics
is mathematically elegant in many respects, it is not an appropriate model for functions
defined by recursion in real programming languages. Call-by-value semantics is much more
intuitively comprehensible, few programmers think of the recursive procedures they write as
the least fixed-points of functionals. The most appealing feature of least fixed-point
semantics is that it defines the meaning of recursive functions withou t resorting to defining
an interpreter for recursion equations, the usual method for formally defining the
call-by-value Interpretation. What is not widely appreciated is that the least fixed—point
approach to semantics can be used to define the call-by-value interpretation for a recursion
equation in a simple, elegant manner. Using the tools of least fixed-point semantics, I will
define what I call the toast call-b,-vahiof ixod-fioin t of a recursion equation.
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First, we need to revieW the standard definitions of least fixed—point semantics:

Definition. A complete partial ordering is a pair cD, E> where D is any domain and ~ is
a partial ordering on D such that:
a. There is a least element w D, i.e. for all x D, w ~ x.
b. Every ascending sequence X - x 1 ~ x2 ~ ... has a least upper bound denoted tub .  X.

Definition. A complete partial ordering D under the relation ~ is a f lat domain iff for all
x ,y ~ D, x ~ y 1ff x - y or x • ~~~. (The data domains for all existing practical
programming languages are flat.)

Definition. Let D 1 and D2 be complete partial orderings. A function f mapping D 1 In to

D2 is montonic iff for any two elements x,y ( D 1, x ~ y implies f(x) ~ f(y). The function f is
continous iff for every ascending sequence X - (x i ~i - 1,2,... 

J in D 1, f(l .u.b X) — l.u.b (1(x1)
I i —  1,2,... ).

Notation. Let D 1, D2 be two complete partial orderings. We denote the set of continuous
functions mapping D 1 into D2 by (D i -, D2].

Theorem A. Let D be complete partial ordering under ~~ . The cartesian prod uct D’1 is a
complete partial ordering under the relation defined by:

(x 1, ..., x0)~~(y11 ..., y0] iff x 1~~ y1 f o r i . l , ..., n.

Proof. See (Manna 1974).

Theorem B. If D 1 and D2 are complete partial orderIngs, then ED 1 -. D2] is a complete
partial ordering under the relation ~ defined for f g i (D 1 -, D2

) by:

f~~g if f(x) cg(x) for a l l x i D 1

Proof. See (Milner 1973].

Theorem C. Let D be complete partial ordering under ;, and let I be a continuous
function mapping D into D. The function f has a unique least fixed-point . (In fact, the
theorem is true under the weaker assumption that f is monotonic, but the less general form
of theorem given here is sufficient for most purposes including ours.)

Proof. See EM lIner 19731 -

Notation. Let t be a term composed from monotonk functions; constants thi variables
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• ..., x 1~; and the function symbol f. Given the interpretation I c ID” -. D) for f  and the
interpretations x~ I) for x1, i - 1, .. ., n, we denote the corresponding Interpretation of r
by:

<Y;~~ X 1, ... ,

Theorem D.. Let 1 be a term composed from monoconlc functions; constants the variab les
x 1, ... , X~~; and the function symbol f. Let (D” -~ Dl, and let D, I - I , ... , n. The
fi’-ctional v defined by

v(.(](x 1, ~~~~ — <“;L; 
~~~‘ 

... ‘

Is continuous.

Proof. See (Manna 1974 ] for a sketchy proof.

Now we are finally ready to define the least call—by—value fixed—point of a singly recursive
recursion equation. The least call-by-value fixed-points of a system of mutually recursive
equations is a straightforward generalization.

Defin it ion. Let D be a flat domain under the relation ~ with subsets (types) T1, T~ , ... T,,,

excluding the undefined object (w). Let f be the function symbol defined by the recursion
equation E:

fix 1: T1, ... , *~~: Ta). v(x 1, .. ., x,,)
where v is a term constructed from monotonic functions on cartesian products of D, the
variables x 1. ... , xn, and the uninterpretated n-ary function symbol f. Let r~ denote the

functional mapping ED” -. Dl into (D~ -, Dl defined by:

then 1’(x i, .. , x0)
else W ;

I ;  
a
n

>.

where if-then-else denotes the standard conditional function , :T1 Is the strict characteristic
function for type T~, and A denotes the standard boolean function ‘and . Since all of these

functions are monotonic, v~ Is continuous by Theorem D. A csU-b,-vatus / ix.d-pol,u of
the recursion equation E is any fixed-point of the functional ~ * A least call-b,-voiuo

- - a - ~~~
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f zxed-p odra g of the recursion equation B Is a call-by-value point of B which has the
property g ~ h for all call-by-value fixed-points h of B.

The least call—b y—value fixed-point of a recursion equation obviously corresponds to thecall—by-value interp retation for the function defined by the equation, since it always
evaluates each argument to ascertain that it is defined and belongs to the proper type.

_ _ _ _ _ _ _  -- - -~~~~ - - -- --S


